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PEEFACE. 



The present volume contains all that Professor Boole 
wrote for the purpose of enlarging his Treatise on Differential 
Equations. Had he lived to publish the second edition he 
would doubtless have incorporated his more recent investi- 
gations with the original work, and it is therefore necessary 

>vio explain why another plan has been adopted. 

In some cases Professor Boole had indicated that certain 
portions of the original work were to be omitted and their 
places supplied from the manuscripts; but on examination 
it appeared that in subsequent passages of the work there 

!5i were references and allusions to the portions thus marked to 
be omitted which would not apply to the substituted matter. 
Thus in attempting to carry out the directions it would 
have been necessary to accept the responsibility of making 
many alterations, and consequently to incur the risk of fail- 
ing in the attempt to improve the original form. 

Moreover the Treatise had been for some time out of 
print, and the long delay which must have been caused by 
the labour of reconstruction would have produced serious 
inconvenience to students at Cambridge and elsewhere. Pro- 
fessor Boole himself was always especially anxiowa tci c!,<3ii'KNaJy\. 



VI PREFACE. 



the advantage of students, and those who had the charge 
of his manuscripts were naturally inclined to adopt a course 
of which they believed he would himself have approved. 

The design of reconstructing the Treatise was therefore 
abandoned; and it was resolved that the original volume 
should be reprinted, and that the manuscripts should be 
collected and published separately. This plan has the ob- 
vious recommendation of enabling those who are already 
familiar with the original work to turn their attention 
readily to the new investigations. It will be seen that 
many of the Chapters of the present volume may be re- 
garded as independent essays or memoirs which lose nothing 
by being separated from the other volume; and indeed no 
indications had been left by Professor Boole of the place 
which such Chapters were to occupy in the enlarged edition. 

I have printed all the unpublished matter relating to 
Differential Equations which I found among Professor Boole's 
papers. In a few cases it will be seen that an investigation 
is incomplete; such investigations have however been in- 
cluded in the volume, because I was unwilling that anything 
should be lost which so great a mathematician had written 
on a subject he had long and carefully studied. 

I trust that no serious error will be found in the volume, 
and that any faults which may be detected will be excused 
on account of the nature and difficulty of the task that had 
to be performed. Many of the manuscripts had not been 
finally revised ; some of them were very obscure and had 
to be carefully and laboriously copied for the press. In 
general the equations were not numbered, and thus only 
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blanks occurred in place of references; this circumstance 
often caused great trouble and perplexity: I hope however 
that a satisfactory result has been finally attained. 

I may state for the benefit of those who are conversant 
with the first edition of the original work that the theo- 
rem which in the present volume is cited as contained in 
Chap. n. Art. 1 will be found in Chap. IV. Art. 2 of 
the first edition : the change was made by the direction of 
Professor Boole's interleaved copy. It was judged conve- 
nient to number the Chapters in the present volume in con- 
tinuation of those in the original work. 

All additions of my own are enclosed within square 
brackets. The sheets have been read by the Rev. J. Se'phton, 
Fellow of St John's College, as well as by myself, and the 
volume is much indebted to his care and accuracy. Obvious 
mistakes in the manuscripts were of course corrected; thus, 
for example, the table at the end of the volume was calcu- 
lated by Mr Sephton, because the table in the manuscript 
was rendered erroneous by the use of a wrong sign in a 
formula. 
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CHAPTER XIX. 



ADDITIONS TO CHAPTER II. 



1. [In Chapter ii. Art. 9, two methods are given for 
solving the differential equation 

{ax + h/ + c)dx'\- {ax + h't/ + c) <?y = 0.] 

But there exists another transformation by which the equa- 
tion may be reduced to, (because it may be constructed from), 
an equation in which the variables are separated. 

Assume as this equation 

{At/' + C) dx' + {A'x' + C) dy' = (1) 

and let aj' = aj + m^y, y' = a; + mjf. 

It will be seen that in these equations united we have as 
many constants as in the original equation. Now on substi- 
tuting in the assumed equation the values of x' and y\ and 
comparing with the equation given, we deduce a system of 
relations equivalent to the following, viz.: 

The quantities w^, m^ are roots of the quadratic 

am' — (J + a') ^ + ^' = ^• 

The quantities -4, A\ (7, C are determined by the system 
of equations 

Am^ + A'm^ = a, (Jm^ + G'm^^ c , 

B.D.E. IL \ 
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2 ADDITIONS TO CHAPTEB II. [CH. XIX, 

from which we find 



f J 



., am^ — a! ^, cm. — c* 
A^ — * , 0= . 

Now (1) gives on dividing by {A'x' + C) {Ay + C) and 
integrating 

^ log (^ V + C'H 3 log (^y + (7) = const., 

or {A'x' + G') ^' (%' + C)^ = const., 

which on substitution and reduction gives 

1 
{{am^ - a') [x + m^y) + cm, - c>">i-«' ^ ^^^^^ ^^^ 

{(awij — a') {x + wij^) + cWj, — c'}""*a-*' 

2. Under certain circumstances the general solutions of 
differential equations of the first order fail. This happens in 
the above example if w, = w^, the solution then reducing to 

1 = const. 

The theory of the deduction of the true limiting form of 
the solution in such cases requires a distinct statement. 

Let the supposed general solution be represented by 

G being the arbitrary constant and u a function of a:, y, and 
constants which are not arbitrary. Suppose too that when 
one of these constants k assumes a particular value ic, the 
function u reduces to a constant v. Then we have 

w — V __ (7 — V • 

Now the second member being a function of an arbitrary 
constant is equivalent to an arbitrary constant and may be 
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replaced by G. The first member is a vanishing fraction, the 

(dvX 
-jiU the brackets being used to 

denote that after the differentiation k is to be made equal to k. 
Hence the solution becomes 



it)-"- 



In applying this theory to the reduction of the general 
solution (2) in the case in which Wj = w,, it must be 
observed that the numerator of the first member is the same 
function of m. , a?, ^, as the denominator is oi m^^ x, y ; or 
attending solely to their functional character with respect to 
wij, wi,, we may affirm that the numerator is the same function 
of m^ as the denominator is of m^. Representing these ftmc- 
tions by ^(wj, ^(wij) respectively, we have 

But ?n,, wij being roots of a quadratic equation may be 
represented in the form 

m^^m + kj m^= m — k, 
the roots becoming equal when & = 0. Hence 

<l>{m — k)' 

Therefore since 

d<f>{m + k) __d^{m + k) d<f> {m — k)_^ d<f> {m — k) 

dk " dm ' dk dm ' 

we have 

,. j.d<l>{m + k) ,f .d^{m-1c) 

dk ~F(^'^^''S}? ' 
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therefore 



/aw\ _ ^ ^ g?yt _ am 



= 2^1og^(m). 



Thus the solution becomes on putting C for — , 

^^ rfw ^^T^' ^^^ ^^^^ ~ ^'^ (a; + 7WJ/) 4- cm - c'} = G. 

' 3. [The next Article seems to have been intended to ap- 
pear in the enlarged form of Chap, ii.; but 1 cannot discover 
what precise position it would have occupied. I conjecture 
that *' the above demonstration" refers to Chap. ll. Arts. 2, 3; 
and I have accordingly supplied a reference to equation (3) of 
Chap. II. 

I had myself drawn Professor Boole's attention to Chap. ii. 
Arts. 2, 3. The geometrical process of Chap. Ii. Art. 3, ap- 
pears to have been first given by D'Alembert in his Opus- 
cules, Vol. IV. p. 255. D'Alembert calls it a demonstration; it 
seems to me only an illustration^ at least in the brief form of 
the text : and that such was Cauchy's opinion may perhaps 
be inferred from the elaborate investigation given by Moigno, 
to which Professor Boole refers in Art. 5 of the present 
Chapter. 

I had also drawn Professor Boole's attention to the state- 
ment at the end of Chap. ii. Art. 12, that only one arbitrary 
constant was involved. Accordingly Article 5 of the present 
Chapter developes this statement, and Article 4 seems intended 
to bear on the same subject.] 

4. In the above demonstration the relation between y and 
X is regarded as one of pure magnitude, and the interpreta- 
tion of the differential equation becomes .a limiting case of 
that of the equation oi finite differences (Eq. (3), Chap. ii.). 
But if we represent x and y by the rectangular co-ordinates 
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of a moving point on a plane the differential equation may be 
interpreted directly. For supposing it reduced to the form 

we see that the direction of motion is constantly assigned as 
a function of the co-ordinates of position. The entire motion 
is therefore determinate as soon as the initial point is fixed. 
The result of the motion is a line or curve wholly continuous 
or subject. to irregularities according to the nature of the func- 
tion /(ic, y). That the arbitrariness of origin is geometri- 
cally equivalent to the appearance of a single arbitrary con- 
stant in the relation connecting x and y may be shewn thus. 

Let J^ = ^(«ojyo>^) 

be the relation between x and y indicated by the supposed 
motion, a?^, y^ being the initial point of departure. Then this 
point being on the line of motion, a;^, y^ are particular values 
of X and y, so that we have from the above equation 

which establishes a relation between x^ and y^, and shews 
that there exists virtually but one arbitrary constant. 

5. It is proved in Art. 3, Chap, ii., that the constants 
^o» yo» iiiiti^l values of the variables a?, y in the solution of 
the differential equation of the first order, are necessarily 
equivalent to one arbitrary constant. I shall shew from the 
form of the above solution that this a priori condition is 
actually satisfied. 

Developing the expression for y [see Eq. (30) of Chap, ii.] 
in ascending powers of a?, we have 

y = ^. + J,x + :^ + ^ + &c (32) 

in which A, = s /«fr ' -VoK- '^o)'"" 

1.2... (»—r) 

. the summation extending from n = r to n=<». ^otmva^ 
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hence the differential coeflScients of A^ with respect to x^ and 
y^y and reducing by (28), we shall find 

whence in particular 

Eliminate between these equations ^^(a:^, yj, and we have 

dA^ dA^ ^ dA^ dA^ __ 

Therefore, by Prop. I., A^ is. a function of -4^, so that the 
solution reduced to the form (32) contains but the single 
arbitrary constant A^. 

It remains to notice that the solution must be applied 
only under the conditions of convergency, i.e. under the con- 
dition that the ratio of the rfi^ to the (n — 1)*^ term tends to a 
limit less than unity as n tends to infinity. For a discus- 
sion of the failing cases of this test see ' Finite Differences,' 
Chap. V. Generally it is desirable, in order to secure rapid 
convergency, to divide the interval x — x^ into separate equal 
portions, to each of which the general theorem of solution 
may be applied. If aj — a?„ be very small the theorem may 
be approximately represented by 

On these principles Cauchy has founded remarkable methods 
of solution, which deserve attention from the commentary on 
the limits of error on their application by which they are 
accompanied (Moigno, Vol. ii. pp. 385 — 434). 
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CHAPTER XX. 



ADDITIONS TO CHAPTER VII. 



1. [This Article relates to Art. 2 of Chap, vii.] 

The sense in which (9) may be said to constitute the 
general solution of the differential equation is this. We 
obtain from it 

giving any particular value to G this will geometrically 
represent a curve consisting of two branches, and giving to 
G every possible value we obtain an infinite system of such 
curves, each consisting of two branches. The aggregate of 
branches thus obtained is evidently the same as the aggre- 
gate of curves given by the two primitives (5) and (6), un- 
restricted by any connexion between c^ and c^. In this sense 
then the solution (9) is general, that it includes all the parti- 
cular relations between y and x which are deducible from 
the original primitives (5) and (6). And it is only in this 
sense not general that it groups these relations together in a 
particular manner. 

To the expression of the complete primitive a certain 
variety of form may be given without affecting its generality 
in the sense above affirmed. Thus, if to the solutions of the 
component differential equations we give the forms 

ye'^-c^ = 0, logy + aa; - c, = 0, 

we should have, by the same procedure, as the expression of 
the complete primitive, 

iye^-c) (logy + oa? - c) = 0, 
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an eauation which may equally with (9) be regarded as thr ^ 
complete primitive of the differential equation given, an <"l 
which in geometry represents the same totality of branches o ^ 
curves as (9), with this difference only, that they are differ — 
ently paired together. 

2. [This Article relates to Art. 3 of Chap, vii.] 

The question will here naturally arise, Since if F= c b^ 
a solution of one of the component differential equations, 
y (F) = c, in which /(F) denotes any function of F, is also a- 
solution, by Chap. iv. Art. 3, why not give to the complete 
primitive the form 

{/t(k)-cH/,(F.)-c} {/.(F,)-c} = 0, 

or the stricter form 

/x(F;)/,(F,) ./.(F,) = (F), 

in which /(F), X(^2)» ^-'/ni^n) denote arbitrary functions 
of Fj, Fg,..., F„ respectively — stricter because the presence of 
arbitrary constants and functions in the previous form is a 
superfluous generality? It is replied that though the form 
just given is analytically more general than (15), it is not 
more general than (15) with such freedom as is permitted 
in the interpretation of the arbitrary constants. In a physi- 
cal or geometrical application we should not only be per- 
mitted to assign a particular value to the arbitrary constant 
in (15), so deducing what in reference to its source would 
then be termed a particular primitive, but to combine the re- 
sults of different determinations of c together, so as to obtain 
every form of solution which is implied either in the func- 
tional equation {F), or in its component primitives 

The same considerations justify us in speaking of (15) aa 
the complete primitive, and not as a complete primitive. 
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CHAPTER XXL 



ADDITIONS TO CHAPTER VIII. 



1. [The Singular Solutions of Differential Equations of 
the First Order received great attention from Professor Boole, 
and the Chapter devoted to that subject is one of the most 
valuable and important in his work. He continued his re- 
searches after the publication of his first edition, and intended 
to reconstruct the Chapter with great improvements in the 
second edition. After carefully examining the manuscripts I 
came to the conclusion that it would be very difficult to re- 
write this portion of the work so as to connect the old matter 
vrith the new ; and thus it seemed best to reprint the original 
Chapter vili. with corrections of obvious misprints, and to 
print the matter intended for the revised form in the present 
volume. The plan gives rise to some repetition ; but this 
seems unimportant, compared with the advantage of preserv- 
ing in the author's own language all that he left on an in- 
teresting and important point which he had carefully studied. 

2. It may be of service to the student to reproduce the 
substance of some remarks on his Chapter viil. which were 
sent to Professor Boole soon after the publication of his first 
edition ; for there is evidence in his manuscripts that he paid 
great attention to such remarks while engagea in the revision 
of his work, and thus the reason and the meaning of some of 
his additions and changes may be made more obvious. These 
remarks will occupy the next Article. 

3. The two pages beginning with " And these cowd\t\c>w^ 
are sufficient," and ending with " do not lead \.o cotijllctmcj 
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results,''* forming part of Arts. 3 and 4 of Chapter viii., seem 
obscure and difficult. The following may perhaps be substi- 
tuted with advantage. 

The only ways in which 

dy ^ df{x,c) ^^^ dy ^ df{x, c) ^ dfjx, c) dc 
dx dx dx dx dc dx 

can be equivalent when c is variable, are 

(1) when ^^^ = 0, 

(2) when ^^^) =00 ; 

in the latter case -j^ = qo, and therefore -^ = 0, and this 

ax dy 

implies that the singular solution is of the form x = constant. 

Thus there can be no singular solutions except such as 

df (x c) 
are found from ^^V — - = 0, and such as are found from 

dc 

X = constant. 

Similarly, if the complete primitive be expressed in the 
form x = F{y, c), there can be no singular solutions except 

such as are found from ~ — = 0, and such as are found 

dc 

from y = constant. 

In Art. 8 of Chapter viii. we read, " We may pass over 
the case in which the above equation is satisfied independ- 
ently of c, because the relation obtained would involve x 

only, while it is a condition accompanying the use of ^ = oo 

that it leads to solutions involving y at least." It is ob- 
jected, Why may we pass over this case? Such a case might 
occur and furnish a solution, and then we should want to 
know the character of that solution. Take for example 

p = x^'y ; here if n is negative, -^ is infinite when a? = 0, and 
this is a singular solution. For the general solution is ^ = ce" + 1 , 
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and so x=0 is not a case of it. The words — while it is 
a(xmditton..,at least — ^seem very diflScult, for by supposition 

we are now investigating what is furnished hj J-=cc . 

Professor Boole met the objection in substance thus : 

"It will be found that the rules in the book are correct in 
this case. What is implied in the Chapter, though not stated 

with sufficient clearness, is that ii -J- =co leads to a solution 

which does not involve y in its expression, nothing is to be 
inferred whether it is singular or not. Then the proper test is 

dx \p) 

Ih this example we have 

-^ = QO gives a?" = 00 ; no inference ; 



dx \pj 



GO gives a?"^""^^*^** = oo 



Hence a? = 0, provided n is between and — 1, or y = 0. 

Consider these separately : 

First. Let n be between and — 1, and a? = 0. This is 
by the test a singular solution. Substituting it in the com- 
plete primitive we get y = c, wliich confirms this. 

Second. Let y = 0. This satisfies the differential equa- 
tion; but from the fact that it comes from -i- f-j = Qo we 
have no inference ; from the fact that it does not come from 
^ sr 00 we have the inference that it is a particular integral : it 
corresponds to c = 0. 
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There remains the case of a:=0 when n is between — 1 
^and — 00 . As this does not satisfy -y- | - j = oo , we infer tha.* 
it is a particular integral. To prove this we have 

When a; = this gives, since 1 + n is negative, 

C = QO OrC = — GO, 

according as y is positive or negative. This is like Ex. 2 o€ 
Chap. Viii. Art. 8." 

The remark made by Professor Boole in the above reply, 

that if -^ = CO leads to a solution which does not involve j 

nothing is to he inferred.. Aa important. It corrects the state- 
ment put too strongly in Chap. viii. Art. 7, " All we can aiBirm 

is that if -^ = GO gives a solution at all it will be a singular 

solution." 

From Art. 8 onwards it seems assumed that a solution for 

which -^ = is always to count as a singular solution, even if 

it should coincide with a particular integral. This does not 
seem to have been quite the view of the former part of Chap- 
ter VIII. : see Arts. 5 and 6 of the Chapter. 

In Ex. 3 of Art. 9 we read, " the second is obviously a 
singular solution." This means that since we have a solu- 
tion which makes -^ infinite, we conclude that it is a singular 
solution. 

So in Ex. 5 of Art. 11 we read, " is evidently a singular 
solution," when it seems better to say, " and is therefore a 
singular solution." 

4. The additional matter relating to Chapter viii. begins 
with another example which was to be placed at the close of 
Art. 3 of that Chapter.] 
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Ex. The differential equation 

has for its complete primitive 

■» 

Vaj* + y* ~ m* — y — c = 0. 
Here f"^- , ^ l ^ = 



a? 



^ = -1. 
„ ^y _ Vaj* -\-y^ — m* dx _ Va;' h- ,y* — w* 

Both ^ and ^- vanish then if 
oc dc 

aj' + y'-77i*=0. 

This therefore is the singular solution and it satisfies both 
the tests, as both x and y are contained in its expression. 

Of the partial tests 

d<j} __ d^ __ d(l> __ 

dc ^ dx ' dy * 

the first is not satisfied, the last two are satisfied. 

The determination of c as a function of x by the solution 

df(x c) . . 

of the equation i' = is equivalent to determining 

what particular primitive has contact with the envelope at 
that point of the latter which corresponds- to a given value 
of X. 

,One important remark yet remains. The elimination of c 
between a primitive y =f {x, c) and the derived equation 

-^ = 0, does not necessarily lead to a singular solution iiv l\i^ 



N 
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sense above explained. For it is possible that the derived 
equation 

dc 

may neither on the one hand enable us to determine c as a 
function of a;, so leading to a singular solution ; nor, on the 
other hand, as an absolute constant, so leading to a particular 
primitive. Thus the particular primitive 

being given, the condition -^ gives 

e~=0, 

whence c is + oo if a; be negative, and -co if a; be positive. 
It is a dependent constant. The resulting solution y = 
does not then represent an envelope of the curves of particu- 
lar primitives, nor strictly one of those curves. It represents 
a curve formed of branches from two of them. It is most 
fitly characterized as a particular primitive marked by a sin- 
gularity in the mode of its derivation from the complete pri- 
mitive. 

All the foregoing observations and conclusions may be 
extended to the case of solutions derived from the condition 
dx _ 

dc "" 

5. We have seen that the equation ;^ = may be satisfied 

by an absolutely constant value of c, so leading to a particu- 
lar primitive and not a singular solution. In this case 
^]r{x + A, c) as well as -^ (a?, c) would vanish, and the nume- 
rator of (9), instead of being the difference of a finite and an 
infinite quantity, would be the difference of two infinite and 
equal quantities. [See Chap. viil. Art. 8.] It would not there- 
fore be infinite. Hence we conclude that -^ would not become 
infinite for a particular primitive in the strict sense of that 
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term, i. e. for a solution derived from the complete primitive 
by giving to c an absolutely constant value. 

This is one point of contrast between the conditions 

^ = ^=00. 
dc ^ dy 

There is another not less important. As the numerator 
of (9) may become infinite not only when -^ (a;, c) = 0, but 
also when -^ (a;, c) = infinite, we see that a relation between 

y and x which makes -^ infinite will not necessarily satisfy 

the differential equation. On the other hand, it is not a par- 
ticular primitive in the strict sense of that term. 

doR 
Exactly in the same way the condition -^ = 0, as relating 

to the complete primitive, leads to the condition 

d 

as relating to the differential equation, with the same points of 
difference in the respective applications. 

Ex. Let -^^my*^ , and suppose m a positive constant 
greater than 1. 

Here ^=(m-l)y"', 

which becomes infinite when y = 0. As this involves y and 
satisfies the differential equation it is a singular solution. 

To confirm this conclusion we may refer to the complete 
primitive 

y=(a:-cr, 

which does not give y = for any particular value of c. 

Now let m be a positive constant less than 1. We have 
still ;^ = 00 when y = ; but this value of y no longer aatla- 



^G)=«'' 
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fies the differential equation. It is not a solution at all, nor 

would it result from the application of the condition ^ = 

to the complete primitive. The distinction of character of 
the two tests is here made manifest. 

6. We may express the most important results of the 
foregoing investigations in the following theorem. 

Theorem. Every solution of a differential equation of the 
first order which is derived from the complete primitive by 
giving to c a variable value will, if it involve y in its expres- 
sion, satisfy the condition 

dp 
and if it involve a?, the relation 

dx \p) 

But relations satisfying these conditions will not neces- 
sarily be solutions of the differential equation. 

In applying this theorem the following points must be 
carefully attended to. 

Ist. No conclusion can be drawn from the satisfying of 
the condition -^ = oo when the relation in question does not 
contain y in its expression, nor from the satisfying of 

dx \p) 

when the relation in question does not involve x in its ex- 
pression. For these conditions being respectively derived 

dxi dx 

from n^=0 and ;7— =0 are subject to the same limitations 

in their application. 

2ndly. It may be that -f- ^^ -f (-) assumes for a particu- 
lar relation between x and y the indefinite form - . In this 

^ 
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case we must seek by the development of its terms or by 
other known modes its true limiting value or values. Finite 
values will indicate particular primitives, infinite values sin- 
gular solutions^, and wjien such values emerge together out of 
the same relation between the variables, the solution will be 
a particular primitive possessing the geometrical properties of 
a singular solution. Its^ locus will be a particular curve en- 
veloping other cuBves of the same family^. 

See Examples 2 and 3^ of Chap^ vili. Art.. II» 
We have seen that the conditions 

dy 

indicate in general the existence of a relation between c and 
a; or c and y. And when that relation is such as to enable us 
to determine c as a continuous function of one of the vari- 
ables, the corresponding solution of the differential equation 
is singular, and is geometrically represented by an envelope 
of the curves of primitives. But it may be, as we have seen 
in a particular example, that the relation does not determine c 
as a ftmction of a; or y ; but according to the language already 
used, c is a dependent constant, or in some other way different 
from the constant of an ordinary particular primitive. Let 
us examine in particular instances the kind of singularity 
which may hence arise. 

Ex.l. Given p = -?^i^. 

Here ^^S^^ + ^^S^)- 

This becomes infinite if a? = ; but this not involving y 
must be rejected. Again, it becomes infinite if y = 0, and 
this proves to be a solution of the differential equation, the 
limiting value of the indeterminate function in the second 
member being (Todhunter's Differential Calculus, Chap. x.). 
Now the complete primitive is y = e**, discussed in Art. 4. 
The constant c is there shewn to be dependent, lYia ^^Wr 

KV.E. II. ^ 
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tion y = emerging from the complete primitive by making 
c = — 00 if a; be positive, and c = oo if a; be negative. 



Ex. 2. Given (g) - a^ g + y« log y = 0. 
Here a:y±y(a^-4log.v)* 



therefore f = '^i (^-^logy)* ^, \ . , 

^3^ 2 (a;' -4 logy)* 

and thi3 is made infinite by y = and by a^ — 4logy = 0, 
i.e. by 

y = 0, y = €*. 

Both satisfy the differential equation. 
Now the complete primitive is 

"We see at once therefore that the second of the above solu- 
tions is singular. The first however is deducible from the 
complete primitive by making c = qo or c = — oo, irrespec- 
tively of the sign or value of x, provided only that x be 
finite ; not so however if x be infinite. The value of c is not 
therefore in the most absolute sense itidependent of that of x. 
If from the complete primitive we seek the singular solution 

by the condition -^ - = 0, we get the two equations 

The second of these determines c as a function of a?, and 
leads to the second of the solutions obtained above. The firat, 
though it does not determine c as a function of a?, still ex- 
presses a relation between c and x, which is the ground of 
the fulfilment of the condition 

dp 
dy 
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We may further notice a peculiarity arising from this rela- 
tion. Supposing X finite and the solution y = a particular 
integral, it presents the singularity that it is the only case in 
which two particular integrals agree. We might in any com- 
plete primitive, by changing c into c", get two values of c for 
the same particular integral, but then it would be for every 
particular integral. 

One negative character seems indeed to mark all the cases 
in which a solution involving y in its expression satisfies the 

condition -f ^^ • I* is that such solutions do not emerge 
from the complete primitive by the attributing of a single and 
absolutely constant value to c. The relation which makes -^ 
infinite satisfies the difierential equation only because it satis- 
fies the condition ^ = ^> ^^^ *l^is implies a connexion be- 
tween c and X, which is the ground of a real though it may 
be unimportant singularity in the solution itself. 

At this point, then, the question arises, whether the term 
singular solution shall be confined to that class of solutions, 
the loci of which represent the envelopes of curves of primi- 
tives, or shall be extended to all solutions which, satisfying the 

condition -^ = qo , indicate the existence of a relation be- 

tween c and x, and possess an actual singularity arising from 
this source. While the all but universal consent of mathe- 
maticians is in favour of the former course, it is to be remem- 
bered that the question is solely one of definition. Not such 
is the question now singular solutions of the envelope species, 
or as would more generally be said true singular solutions, 
are to be distinguished from all other solutions. This we 
now propose to consider. The question is not an isolated one. 
It stands in close relation to a series of properties of singular 
solutions which admit of an orderly development. 



^— *i 
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Discrimination of singular solutions of the envelope species, 

7. A negative test, which in the great majority of cases 
suffices for the present object, is suggested by the following 
consideration. 

The differential equation determining -p as a function of 

X and y determines also t4 > V^ > «^ ^w/.j ^^^ *^® know- 
ledge of these enables us to construct in a develaped form 
the complete primitive. See Chap. ii. Art. 12. 

du d u 
The values of -4- , --A > &c. ad inf., as derived from the 

differential equation, are the same as those derived from the 
complete primitive. 

But a solution deduced from the condition -^ = oo is only 

constructed so as to yield the same value of -^ as the given 

differential equation does. If it be of the envelope species, 

the curve it represents has in general no continuous contact 

with the curve of any particular primitive. It will not there- 

d^V d^v 
fore generally yield the same values for -^^ , -y— , &c. as 

the differential equation does. It will not therefore generally 
satisfy the differential equations of an order higher than the 
first, which would be derived from the given equation by dif- 
ferentiation. Hence we have the following Proposition. 

Proposition. If a relation which makes -j- infinite satisfy, 

the given differential equation of the first order, hut do not 
satisfy all the higher differential equations ohtained from itj 
such solution will be singular and of the envelope species. 
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Ex. 1. By comparison with its complete primitive we saw 
in Art. 5 that -# = iny ** has for a singular solution y = 
when m is a constant greater than 1. 

We will first suppose m a fractional quantity greater than 
1, and endeavour to deduce the character of the solution with- 
out making use of the complete primitive. 

From the solution we have 

^=0, ^ = 0, &c. cd inf. 

But from the differential equation 

g = («»^l)y-"| = «»(m-l)y 
and generally 






m-'V 



Hence, when r is less than m, the substitution of y = gives 
tt before. But if r is greater than m, it gives 

We conclude that the solution is of the envelope species. 

Secondly, suppose m a positive integer greater than 1. 

In this case we find, when r is less than m, the same series 
of values as before ; but for r = w we have 

^ = w(m-l)...l, 

and this also shews the solution to be of the einvAo^^ ^^ma'a*. 
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Ex. 2. The differential equation 

H-i>« 4 

is satisfied hj 

Is this a singular solution or a particular integral? 

From the solution we find 

dy ^ X JTy __ 4 
^ — y' ^— ?• 

From the differential equation we shall have 

da? 2(y-xp) ' 

substituting in which the value of -^, obtained from the 
proposed solution, we find 

cic"~ 2y» y'* 

Now this differing from the value before obtained, we con- 
clude that the solution is singular and of the envelope species. 

And this result is verified by comparing the solution with 
the complete primitive 

{x - cY + (y - Vi:r?)«= 1. 

As ihe test above exemplified is merely negative, it is in* 
sufficient. For it is conceivable that an enveloping curve 
should have an infinite order of contact with each oi the curves 
which it envelopes, and this is also possible. Anv test found- 
ed upon a comparison of the values of differential coefficients^ 
any test therefore ftimished b;y^ the Differential Calculus, would 
be insufficient for the discrimination of such cases. 



Ex. 3. Given -£ = y (log y)\ 
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Here -J- = 00 gives y = 0, and this satisfies the differea- 
tial equation. 
From this solution we find 

From the diflferential equation we have 

§=y{aog3^r+2(iogj,)'}, 

which consists of y multiplied by a rational and entire func- 
tion of logy. It is easy to see that all the higher differential 
coefficients of y hence derived will possess the same character. 
And all sufch vanish with y. 

We can therefore neither affirm nor deny that the proposed 
solution is of the envelope species. 

8. Before demonstrating a general Rule for the discrimi- 
nation of solutions of this character, we shall notice certain of 
their properties which serve to indicate in what direction the 
Rule IS to be sought [See Chap. viil. Art. 14.] 

As the exact differential equation differs from the sup- 
posed given differential equation by having acquired a factor 
which the singular solution makes infinite, so the given dif- 
ferential equation may be said to differ from the correspond- 
ing exact one by containing a factor which the singular solu- 
tion makes to vanish. If we knew that factor, we could by 
rejecting it reduce the given differential equation to a form in 
which it would no longer he satisfied by the singular solution. 
Now Poisson has shewn on a particular assumption, which 
does not however affect the principle of the demonstration, 
that this factor can be found when the singular solution is 
known. His demonstration is in substance as follows. 

Let us represent the given singular solution of the dif- 
ferential equation by 

w = 0, 
u being a given function of ^ and y . Then mlio9L\SLdxv^ u ^c&l 
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X instead of y and x as variables, the differential equation 
after transformation will assume the form 

du -, . 

Now this equation being satisfied by w = and the first 
member vanisning, the second Tnust also. Poisson now 
assumes, and the assumption must be carefully noted, this 
second member to be capable of being developed in ascending 
positive powers of u. Supposing it so developed, the diffe- 
rential equation becomes 

in' which A, -B,... are functions of x, and a, A-*- ascending 
positive indices. 

Hence if w = 6 be a singular solution we have, putting jp 

r du 

But this demands that there should be at least one nega- 
tive power of u in the development in the second member. 
Therefore a— 1, the lowest index, must be negative. There- 
fore a being already positive must lie between and 1. 

We may give therefore to the transformed difierential 
equation the form 

a being a positive fraction, and Q not vanishing with v. 
Hence, dividing by w*, 
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a differential equation which is not satisfied hy u = 0, since 
u = gives tt^"" = 0, and the first member vanishes while the 
second member does not vanish. In its present form then 
the equation is not satisfied by w = 0. We see also that the 
property of being satisfied by tt = has been lost not in 
reality through a transformation, but through the rejection of 
an algebraic factor w» from the transformed equation. It has 
been shewn in the treatment of Clairaut's equation, how in 
the ascent by differentiation to an equation of a higher order 
a somewhat analogous effect is produced, the singular solu- 
tion emerging out of a factor of that higher equation. 

If we inquire what is essential in Poisson's demonstration, 
we shall find it to consist in that the transformed equation is 
of the form 

in which while Q neither vanishes nor becomes infinite when 
u = 0, the functions 

?7and£^ 

both vanish with u. The question whether U is of the form 
u* as Poisson supposes, or is not, is wholly immaterial. 
This will fully appear from the demonstration of the follow- 
ing theorem, which is in effect Poisson's freed from arbitrary 
assumptions. 

9. Proposition. If u = he a solution of a differential 
equation of ike first order between y and x, and 

represent the form which that equation assumes when u and x 
are assumed as variaMes instead of y and x, then if f{x, u) be 
resolved into two factors Q, U, of which Q neither vanishes 
nor becomes infinite when « = 0, while the functions U and 

jj both vanish when w = 0, then the differential equation can 

he reduced to a form in which it shall cease to be satisfied h^ 
tt=0. 



I 
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In the statement of this proposition x is supposed to h6 
constant in the integration relative to u. 

The differential equation after the transformation which 
introduces u and x as variables becomes . 

1= «^- 



Let 






so that V is in general a function of x and w, the form of 
which is known by integration when that of U is given. 
And again, transform the differential equation by making v 
and X the variables instead of u and a?. We have 

(dv\ _ dv dv du 
dx) "^ dx du dx' 

dv 
in which -^ is the differential coefficient of v with respect td 

Xy on the above hypothesis as to the constitution of t; as a 

function of x and w, while (;t-) is the differential coefficient 

on the hypothesis that v is reduced to a function of x alone 
by the conversion of u into a function of x, 

CA' dv 1 du ^rr ' 

the above equation becomes 

'dv\ dv 



\dx) dx 



Now if w = give t? = for all values of a;, it will there- 
fore give 

©-■ 

and further, 

dv __ d [^ du ^ 
dx'^dxjf. U" ^ 
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since we' are permitted to make w = before effecting the 
differentiation with respect to a?. Hence the equation re- 
duces to 

And this is not satisfied, since by hypothesis Q does not 
vanish with w. 

y,= 0, the transformed differen- 
tial equation will no longer have w = for a solution. 

Cob. Assuming Q = l, which does not violate the hypo- 
thesis respecting Q, and gives 

U=f{x, u), 
vre see that if 

be satisfied by w = 0, and if at the same time w = gives 

du 



f. 



fi^y ^) 



= 0, 



the differential equation can be transformed so as to cease to 
admit of the solution w = 0. 

It is obvious however that it is best to assume Q so as to 
make the subsequent integration for determining v the sim- 
plest possible. 

It is manifest that a solution which can thus be made to 
cease to satisfy the differential equation cannot be a particular 
primitive. For the complete primitive of the transformed 
differential equation which it does not satisfy is convertible 
into the complete primitive of the original differential equa- 
tion which it does satisfy, merely by writing therein for v its 
expression as a function of x and v. It cannot therefore be a 
case of the complete primitive m anv sense. It must be 
a singular solution of the envelope species. 

The converse proposition still remains to \)e 'ptov^^L* 
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10. Pboposition. If u^Ohe a singular solution of the 
envelope species of a differential equation of the first order ^ and 
if by assuming u and x as the variables^ the differential equa- 
iion is reduced to the form 

then will 

du 



Jo 



become when w = 0. 

Let the complete primitive be represented bj 

F{x, u) = (7, 
then, since 

dF(x, u) dF(x, u) du^ 

dx du dx ' 

we have if for brevity we represent F{xy u) by F^ 

dF 
du ^ dx ^ 
d^"" d£' 

du 



therefore 



r 



du 



of{Xy U) 




Now w = being a singular solution, F{x, 0) is not a con- 
stant ; for if it were, the complete primitive would, on giving 
to C the constant value in question, yield t^ = as a particu- 
lar primitive. And this would equally be the case whether 
that constant were finite or infinite in value. We see then 

that F{x, 0) must be a function of a?, and therefore — ~-^ — - 

must either be a function of a?, or a finite constant differing 
A-om 0; the latter if F{x^ 0) be of the form ax-i^b^ the former 



JlKT. 10.] 



ADDITIONS TO CHAPTER VIII. 



29 



if it be not of that form. Therefore the value of V-^ — ^ 

ax 

wlien tt = 0, since in this we are permitted to make « = 

\)efore diflferentiating with respect to a?, will be a function of 

X, or a finite constant differing from 0. 

Now it is manifest that in general 



I 



where H is some value intermediate between the greatest and 
least values which ^rgf assumes within the limits of integra^ 

dx 
tion. When these limits are, as in the above case, infinitesi- 
mal, we have 



dx 



Hence 



r" du 1 r 

JoAx,u)'' dF{x,0) \ 

dx J. 



dF 
du 



du 



dx 
1 



dx 

But we have seen thai \-^ — - does not vanish. Hence 

ax 

its reciprocal, the first factor of the right-hand member of the 

above equation, does not become infinite. Again, • 

• F{x, u) - F{x, 0) 
vanishing when t^ s^ 0, we have 

du 



J 



= 0, 



when u is made infinitesimal as was to be ahewn. 
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It will be observed that the previous general expression 
for I J-. -^ becomes infinite if t« =5 is a particular integral. 

For then, F{x^ 0) being a constant, — ^ ^ ' vanishes, while 

F{xy u) —F{x, 0) does not vanish so long as u differs by 
however small a quantity from 0. 

These propositions form the ground of the following Eule 
for the discrimination of singular solutions of the envelope 
species from all others. 

11. Rule. The j)roposed solution being represented by 
t£ = 0, let the differential equation, transformed by making u 
and X the variables, be 

g+/(.,«)=0. 
Determine as a function of x and u the integral 

Jo U^ 

in which U is either equal to /(a?, w), or to f{x, u) deprived 
of any factor which neither vanishes nor becomes infinite 
when w = 0. If that integral tend to with u the solution is 
singular. 

Ex. 1. Determine whether y = is a singular solution or 
particular integral of the differential equation 

Here, since w = y , no preliminary transformation is needed. 
^XTg have 1 — =^ •"* 

which tends to with y. Hence the solution is singular. 

To verify this we observe that the complete primitive is 

1 
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a.nd this cannot be reduced to y = by giving any constant 
ralue to c. 

We have seen in Art. 7 that the test which is founded upon 
the comparison of differential coefficients does not suffip^ to 
characterize the above solution. 

Ex. 2. The equation — = ^ — ^ is satisfied by y = 0. 
Is this solution singular or particular? 

Here also no transformation is required. We have, reject- 

1 . . . ' 

in? the factor - which neither vanishes nor becomes infinite 

X 

wlien y = 0, 

--^ = log logy -log logo 

^^^logO' 

and this being infinite, however small y may be, may properly 
1)e said to tend to infinity as y tends to 0. The solution is 
therefore particular. 

It will perhaps appear at first sight as if in the above ex- 
ample we ought to write 

when y is made equal to 0. But the course of the demonstra- 
tion shews that the value of the definite integral must be first 
obtained on the hypothesis that u (in this case replaced by y) 
is finite, and then the limiting value which its expression 
approaches to, as u approaches to 0, be sought. And in this 
case, since for all finite values of u however small the integral 
is infinite, its limiting value is infinite. 

The complete primitive in the above case is 

and the nature of the solution y = has already been dis- 
cussed in Art. 4, 
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History of the Theory of Singular SoliUions. 

12. It is remarkable that while the theory of enveloping 
curves and surfaces was at once founded and developed by 
Leibnitz in 1692 — 4*, the corresponding theory of the singular 
solutions of diflferential equations has been of very slow growth. 
The existence of these solutions was first recognised in 1715 
by Brook Taylor ; it was scarcely more than recognised by 
Clairaut in 1734. Euler, in a special memoir, entitled Expo^ 
sition de qmlques Paradooces dans le Calcul Integral^ published 
in the Memoirs of the Academy of Berlin for 1756, tirst made 
them a direct object of investigation ; but the foundations of 
their true theory were only laid in 1768 in his Instituttones 
Calculi Integralis, Laplace, Lagrange, Legendre, Poisson, 
Cauchy, and De Morgan have in various ways developed and 
extended that theory; but there has been so remarkable a 
want of unity and connexion in this long series of researches, 
that important portions of the theory appearing in a too 
isolated form have been neglected, forgotten, and rediscovered. 
I purpose here to give a brief account of what seems most cha- 
racteristic, rather than of what is most original in their several 
researches ; for the germs of nearly all subsequent discoveries 
on the subject are to be found in the great work of Euler. 

Taylor and Clairaut appear to have been led by accident to 
the noticing of singular solutions ; the former while directly 
occupied on the solution of differential equations, the latter 
while discussing a remarkable class of problems relating to 
the connecting properties of different branches of the same 
curve. Taylor gave them the name singular, while Clairaut, 
and Euler too in his memoir, regarded them as a species of 
paradox, not merely from their non-inclusion in the general 
integral, but from the mode of their discovery through a 
process of differentiation. The memoir of Euler, though it 
sheds no light on the real nature of these solutions, contains 

• Acta Erudit&nm, 1692, p. 168 ; 1694, p. 311. Opera, Tom. m. pp. 264, 
296. 

Meihodus Irhcrementorum, p. 26. 

Mimoirea de PAcatUnUe des Sciences, 1734, p. 209. 
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an interesting theorem concerning their connexion with the 
form of the differential equation, viz. If this equation can 
be brought to the form 

Vdz^Z{Pdx+Qdy), 

in which « is a function of x and y , and Z of z, then will 

Z=0 

be a singular solution. In his Institutiones Calculi Integralis, 
Tom. I. p. 393, however, Euler gives a rule which is the 
counterpart of that of Cauchy. [See Chap. viii. Art. 12.} 
He shews that if t« = be a particular integral, and if the 
differential equation be reduced to the form 

du ,f . 

then I -T-, ^ = 00 . 

The limits of integration are here supplied. ^ The reasoning, 
which is not fully developed, is the following. From the 
transformed equation we have 

, du 



Hence 



X 



= G+f 



du 



x_ i^r 

(7~ "^ CJ 



du 



If this be satisfied by a solution involving x and y, and if 

that solution be a particular integral, then on putting for x 

its value in terms of u and integrating, the above equation 

will be satisfied by giving some particular constant value to 

G. But if the supposed particular integral be w = 0, then x 

and u being independent, we may perform the integration 

with respect to i^ as if a; ^ere constant. Th^ ie,«\}X\A\i^ ^ojoa*- 

tion cannot be free from x unless G be in&iite, axA. \!ckfcXL SX. 

B.D,E. JI. Z 
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will evidently not be satisfied unless \-r-, r be infinite. 

j <^(a?, u) 

We infer then that this is a necessary condition in order that 
tt = may be a particular integral. 

This is Euler's fiindamental theorem, and from this, by 
means of an hypothesis agreeing with that of Poisson con- 
cerning the form of the transformed differential equation, he 
arrives at the condition 

dp ^ 

dy" 

[In the passage to which Professor Boole refers, Euler 
does not undertake to discuss the nature of any solution, 
but only of a solution of the form x = constant. On his 
page 408 Euler proceeds to discuss the nature of any solu- 
tion. Professor Boole seems to me to attribute too much 
to Euler. For the convenience of those who wish to ex- 
amine the original, I will give the reference to the passages 
in the later editions of Euler's Institutiones Calculi Integralis : 
Vol. I. pages 343 and 355 of the edition of 1792 ; Vol. I, 
pages 342 and 354 of the edition of 1824.] 

Laplace in the Memoirs of the French Academy for 1772, 
p. 343, established the tests 

dp_ —f^-^ 

dy~ ' cte \pl "" ' 

and shewed their respective uses. He established also the 
test which consists in the comparison of differential coefficients, 
and he supposes it universal. He adopts the hypothesis of 
his predecessors as to the forms of expansion, but with some 
recognition of its insufficiency. 

Lagrange in the Memoirs of the Academy of Berlin for 
1774, p. 197, and 1779, p. 121, appears first to have developed 
the theory of singular solutions in its two forms of derivation 
from the complete primitive and derivation from the differen- 
tial equation, and to have established the essential connexion 
of these. But supposing the differential equation to be ex- 
pressible in the rational form 
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and employing the differential coefficients of F{x^ y^p) in- 
stead of those of p he was led to sacrifice rigour to symme- 
try. One of his results has often since been adopted as a 
test of singular solutions. It may be thus stated. 

Peop, a singular solution makes the general value of 
j^, deduced from the differential equation in its rational and 

integral expression, to assume the form - . 

[The demonstration is given in Chap. vill. Art. 14.] 

This ambiguity of value of -t4 is evidently but an expres- 

Bion of the fact that the contact of a curve of the complete 
primitive and that of the singular solution is not in general 
of the second order. 

The result given in equation (5) of Chap. viii. Art. 14 has 
also been adopted as the test of singular solutions. 

The researches of Poisson and Cauchy have already been 
noticed. It is certainly remarkable that the final test to 
which Cauchy's analysis led should be essentially the same as 
that which had been discovered by Euler so long before. 

Professor De Morgan has thrown an important light upon 
the nature of the conditions 

dp ^ dp _^ 

dy" ' dx~^ ' 

which are fulfilled by all singular solutions in the expression 

of which X and y are both involved. He has shewn that any 

relation between x and y which satisfies these conditions will 

d\ 
satisfy the differential equation unless it make -t4> as derived 

from the differential equation, infinite ; that it may satisfy the 

d V 
differential equation even if it make -r-^ infinite *, laa^V^ , "CoaS. 
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if it do not satisfy the differential equation, the curve it 
represents is a locus of points of infinite curvature, usually 
cusps, in the curves of complete primitives. 

The proof is as follows : 
Let p = ^ {x, y) 

be the differential equation. Then the proposed conditions 
are 

dy * dx * 

therefore by differentiation, 

dxdy d^ dx ' dix? dxdy dx ' 

whence we have 

d^<f> d^ 

dy _ dxdy _ dx* 

dx d^<f> "" d''^<f> 

dy^ dx dy 

These are two equivalent expressions for the same value of 
-^ . The question now is, under what circumstances this 

value of -p will satisfy the differential equation. 

Now from that equation we have by differentiation 

d^y _ d<f) d<f> dy 
dx^ dx dy dx^ 

whence 

d^y d^ 

dy __ dx* dx 

dx d^ 

dy 
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If then -r^ be finite we have, since -^ and -^ are both 
infinite, 

dy ^ dx , 
dx ^' 
dy 

and this by the rule for the evaluation of fractions of the 
form ^ is equivalent to the value in either of its forms before 

obtained for -j-. Hence, any relation which satisfies the 

given conditions and makes -^ finite, will satisfy the diffe- 
rential equation. 

And the same result holds even if -r^ be infinite, provided 

that -j-^ -^ -5? vanish. 
dar ay 

Lastly, as when this result does not hold, the failure is due 

d*v 
to the infinite value of -3-4 , we see that the line in which the 

locus of the proposed relation intersects the curves of primi- 
tives will be a locus of their points of infinite curvature. 

[Transactions of the Cambridge Philosophical Society, 
Vol. IX. Part II.] 

Legendre's Memoir of 1790 throws but little light upon 
the subject of this Chapter. But it exhibits the theory of 
the singular solutions of differential equations of the higher 
orders, both ordinaiy and partial, in a form of great beauty, 
and will be noticed in the proper places. 
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CHAPTER XXII. 



ADDITIONS TO CHAPTER IX. 



1. By successive application of the second theorem of 
Chap. IX. Art. 13, a linear equation of the n^ order may be 
reduced to one of the (n — r)* order, if r distinct integrals of 
what the given equation deprived of its second term would 
be are known. 

The reduction may however be effected immediately by 
the method of the variation of parameters. In this and in 
most general investigations connected with differential equa- 
tions great advantages in point of brevity and of the power of 
expression are gained by the employment of the symbol of 
summation S, and of the language of determinants. I shall 
exemplify this here. 

Suppose the given equation to be 

d^-'^^'d^'^^'d^ +^,»=^ (1), 

and let y^, y^^^^^yr be r particular values of y, satisfying the 
equation 

dy J d'^^y , d^'^y . _ 
^■^^^^■^^»^ +^n-0 (2). 

Thus y = c^y^ + cjy^ ... + c^r 

is a solution of the latter equation including these particular 
solutions. We shall represent this by 

y = ^c&i (3), 

and regarding the quantities c,, c,,... <v, represented here by 
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Ci as variable parameters, shall seek to determine them so that 
the above value of y may satisfy the equation given. 

These r parameters, enabling us to satisfy r — 1 arbitrary 
conditions, besides satisfying the differential equation, we may 
choose these so that 

dy 8^y dT^y 

may be the same inform as if Cj, c^, . . . c^ were constant. Now 
from (3) 

whence 

provided that the condition 

be satisfied. Differentiating the first of these equations, we 
find in the same way that 

provided that the condition 

^ dyidci^^ 
dx dx 

be satisfied. And thus continuing we see that the system of 
. r equations 

-, dy ^ difi d^'^y ^ dr% ,,n 

will hold true provided that the r - 1 conditions 



i 
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be satisfied. In each of these equations the symbol S is to 
be interpreted by giving to i the successive values 1, 2,... r, 
and taking the sum of the resulta. 

Differentiating the last of the equations (4), we have 

^ = 2c . ^* + S ^'y* — * . 

dx^ ^dx^ daf'^ dx ' 

As we cannot impose the condition that the last term of 
tliis equation shall vanish, let z represent its unknown value, 
then 

S-^.S'^' («>• 

Now the system of equations (5), together with 

^ dx'-' dx^^' 

constitute a system of r simple algebraic equations deter- 
mining by solution the t quantities 

c?Cj dc^ dc^ 
dx^ dx '"' dx 

in terms of their coefficients and of z, and therefore in terms 
of X and z, since the coefficients are known as functions of 
X, It is evident also that as the second members of all the 
equations but one vanish, and the second member of that is 
z^ the values so determined will be of the form 

X^yX^,... X^ being known functions of x. Thus the r un- 

da da 
known quantities ;r^i'"-T^ are made to depend upon only 

one unknown quantity, viz. «. It remains then to deter- 
mine z. 

For this purpose we must complete the expression of the 
differential coefficients of y, and substitute in the given dif- 
ferential equation, and then seek to satisfy that equation. 
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Now differentiating (6) we have 

dc 
on substituting for -— the value XiZ as above determined. 

We observe that the coefficient of z is here a known function 
of X. If we differentiate this equation and in the result sub- 

stitute as above for -j^ , we shall have a result of the form 

ax 

L and M being known functions of x. Ultimately then 
we have 






Z 



^n 'cte** ^ dx flb""'*' 

Thus, while y and the differential coefficients of y up to the 
(r-l^th are of the same form as if c, , c^,... c^ were constant, 
the succeeding ones differ in containing an additional portion 
consisting of 2?, and differential coefficients of z multiplied by 
tnown functions of x. The result of substitution of these 
values in the given differential equation will therefore consist 
also of two classes of terms, viz. terms under the sign of 
summation, which will be the same in form as if Cj, Cj,...c^ 
were constant, and terms involving the differential coefficients 
of z up to the (n — r)*^ with multipliers which are known 
ftinctions of x. We shall in fact have 
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Now y< being by hypothesis an integral of (2), the first 
line of the above equation vanishes, and there remains the 
linear equation of the (w — r)^ order 

Supposing z hence determined, we have in general 

Ci= jXizdXf 
and hence 

y = yJx^zdx+7/Jx^zdx -^-yAx^dx, 

and as z will have w — r distinct values, each involving an ar- 
bitrary constant, the above equation will famish n — r distinct 
values of y, each involving an arbitrary constant. It is to be 
observed that no arbitrary constant need be added in the inte- 
gration of the terms Xizdx, for the effect of such addition 
would only be to reproduce the known integrals Cij/i. In 
this way, however, the equation would represent the general 
integral of the differential equation given. 

2. Let us examine the form of the result in the particular 
case in which r = n — 1 . 



Here we have 



dx"^"^' doT 



from 7w = 0to7W = n — 2, then 



g=^.g.s(x.p).. 



dz 
dx 
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Accordingly the differential equation for z will be 

| + S(iP^. + ^.. = X (7). 



Now the equations for determining 

da?' da?'"' dx 
become on putting XiZ for -^ , and writing for brevity y\ for 
. > y< *^^ j^ > *^^'> 



cfa; 



da^ 



y\^i + y'a^2 • • • + 2/«-i^n-i = 0, 






Whence, by the theory of determinants, 

y _ 1 dM _ 1 dM 

Jf standing for the determinant 



yi. 2^2» yi 



»i_i 






f*'i/n^l \ 
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Now the determinant is nltimately a function of x ; and 
such indeed that 

For 

dM^^dM dt/i ^dM dyl ^ dM dy 



(«-») 



dx dyi dx dyl dx '" dyi'''^^ dx 

Now Jf being homogeneous and of the first degree with 
respopt to the quantities y^, y^, y^,, we have 

2, -J— yi = M. 

Hence 2 -j- yl is what M becomes when in its expression 

yi> ya, -..y^^i are changed into y/, y/, ... yVi, therefore it is 
what M becomes when two of its rows of elements become 
identical ; therefore it vanishes. In like manner all the other 
sums in (8) vanish excepting the last, for yj^**""^^....^^^^*"*^ is 
not a row of elements of the determinant Jf. Thus we have 

^ dM ,^,^ _ dM 
^dv^-'^^' ^dx' 



dyl 
Hence 



tx,yn-^\,^^,yn-l 



dM 



M dyf^^ *• M dx' 

Thus the equation (7) becomes 

dz /I dM , .\ -jr 

therefore z = -^ e"-'"''!'^ flfe/''''^ Xdx. 
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Hence, since 

whence r -f ^ ^^ j 

we have « = S./ T ^ .!¥ j 

z being given above. 
In the case of X= 0, we have 

whence 
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CHAPTER XXIIL 



ADDITIONS TO CHAPTER X. 



1. The theory of singular solutions of differential equations 
of the higher orders has been presented in the most complete 
form which it has yet received by Legendre. {MSmoirea <^ 
r AcadSmie Boyale des Sciences^ 1790, p. 218.) He determine^ 
first the possible forms of these solutions considered as emerg'- 
ing from the complete primitive by the variations of its arbi- 
trary constants, and secondly the theory of their derivatioxi 
from the differential equation itself. I shall follow the sam^ 
order, and shall in the end endeavour to point out in wha.* 
respect Legendre's theory may be regardeo. as complete, and 
in what respect it is imperfect. 

Suppose the differential equation to be of the w*^ order, 
and let it when solved with respect to the highest differentbX 
coefficient of y be represented by 

yn=^(^*y,yi,y*,...y»-i) (i), 

in which, for brevity, 

_dy _8^y _ dJ'y 

Let also its complete primitive, solved with respect to y, 
be represented by 

y =/(a;, a^, a^, ... a^) (2), 

ttj, a,, ... a^ being the arbitrary constants of the solution. If 
we differentiate (2) with respect to a?, regarding a^, a,, ... c^ 
no longer as constants but as functions of a;, so to be deter- 
mined as to leave the expressions for y^, y„ ••• y« as functions 



ART. 1.] 



ADDITIONS TO CHAPTEK X, 



47 



of a,, ttj, ... a» the same as before, we shall have, on repre- 
senting the second member of (2) by/, 



whence 



^^ dx da^ dx da^ dx ""* da^ dx ' 



^' dx' 



provided that 



df_da^ df da^ df da^^^ 



da^ dx da^ dx 



da^ dx 



Differentiating on the same hypothesis the first of these two 
equations, we find in the same way 






provided that 



d^f da d^f da^ 

-r^ — 7 7~ + 



cTf da^ 



dxda^ dx dxda^ dx 



dxda^ dx 



= 0. 



And continuing thus, it results that the system 
__df ^qi _^ 



(3), 



will be satisfied, i.e., that y^, ^jj • • • Vn will have the same ex- 
pressions when a^, flj, . . . a„ are variable as they have when 
these are constant, provided that the law of their variation be 
determined by the conditions 



4/ ^i ^ ^ da^ 
da^ dx da^ dx 



df da^ ^\ 
-I — -J— — ^ = 

da^ dx 



d'f da, cPf da, d^f da^ 

da^dx dx^da^dx dx "^ da„dx dx ~ 



-...(4). 



cff da, drf da. 



dj da. 



da^ (&*"* dx da^ dx""'^ dx 



da^dsT'^ dx 



=q\ 
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In this system the coefficients of 

dx ^ dx^ '" dx 

are known functions of a;, a^, a,, . . . a„ when the form of / is 
known. 

Eliminating 

da^ da^ da^ 

dx^ dx ^ ' " dx * 

we have a relation between x, a^, a^, . . . a^; and this relation, 
with the given complete primitive and the first w — 1 of the 
derived and reduced equations, viz., with 

_. _df _dy _ dr^f 

will enable us to eliminate a^, a^, . . . a„, and to obtain a illa- 
tion of the form 

. / dy d^y d^'W ^ ,^- 

This is a differential equation of the (n — 1)*^ order. It dif- 
fers in its origin from the given differential equation, in that 
a new relation between x, a^y a^, , . , a^ has been employed in 
place of the n^ equation, derived by difierentiation from the 
complete primitive, for the elimination of the constants. 

The differential equation of the {n—l)^ order thus obtained 
has an integral expressing y in terms of a*, and n — 1 arbi- 
trary constants. This is the most general form of a singular 
solution of the difierential equation. 

It is possible that the elimination of a^,a^,.,,a^ may 
lead to a resulting differential equation which, instead of 
being of the order w — 1, is of the order w — 2, n — 3, &c. 
The complete integral of such equation would be a singular 
solution of the difierential equation. These possible types of 
solutions are distinguished by Legendre according to the 
number of arbitrary constants which they contain. A solu- 
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tion containing n — 1 arbitrary constants is called by him a 
smgular solution of the first order ; one containing n — 2 ar- 
bitrary constants a singular solution of the second order, and 
soon. 

Adopting this language we might term the complete primi- 
tire a singular solution of the order 0, 

Lastly, any relation between x and y, which satisfies the 
given differential equation, will constitute a particular case, 
either of the complete primitive or of one of the general 
forms of singular solutions above defined. In the case of 
differential equations of the first order it is seen that no arbi- 
trary constant can appear in the expression of the singular 
solution. 

Ex. The equation 

hs for its complete primitive 

y=-j +hx-\-o? + V (6), 



Rquiied jits singolar solution. 



I being variable parameters, the same formal expressions for 
^, -^ as if those parameters were constant, viz, 

ax 

provided that the variation of a and i be such as to satisfy 
the conditions 



(7), 



dx dx ^ 



(8). 



B.D»E. IL 
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Elimiuating hence -r- and -p , we have 

2a- — -2Jaj=0, 

And from this, the complete primitive, and the first of th© 
derived equations (7) elimmating a and i, we find 

(l)*+(j-)|-('+»^»-n=<' «• 

This is the differential equation of the first order, by the^ 
solution of which the most general form of the singular solu- 
tions of the given differential equation will be determined. 

Reducing it to the form 

(16y + 4aj* + a:*)* ^ ^ ' 

and integrating, we find 

(16y 4 4^ + a;*)i P= JB (1 + a/^* + log {a? + V(l +aJ^} + <?• 

This then is the general expression for the singular solu- j 
tions of the given differential equation. We see that it in- 
volves in its expression one arbitrary constant. 

The differential equation (9) may properly be termed a silfc- 
gular first integral of the given differential equation. The 
singular first integral (9) has itself also a singular solutioBi 
viz. 

but this is not a solution of the original differential equation. 
Nor have we any right to expect that it should be so. A 
singular solution of a differential equation of the first order 
does not necessarily satisfy the differential equations of higher 
orders derived from that equation. Chapter xxii. Art. 7. 

2. It remains to establish the theory of the derivation of 
tie singular solution from t\ie d\Sex«ii\AsiX. ^QJfva^sv!;sv^ ^\j^QUt 
tie mediation of the complete ]piVa»lvve. 
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Resuming the differential equation in its reduced form (1), 
and representing its second member by <f), suppose an infini- 
tesimal variation given to the arbitrary constants of its com- 
plete primitive, and let the symbol S be used to denote the 
corresponding derived variations of y, y^, .. .y^. Then we 
^ have 






4 



Butdy. ^-^» ^* cb? da?' 
and 80 on. Hence, substituting and transposing, 

Let us consider the real nature of this equation. 

If a value of y, suppose y = '^(x), satisfy the given differ- 
ential equation, uiat value substituted in the coefficients 

of the above equation will convert them into functions of x, 
'"l and the equation itself will become a linear differential equa- 
tion, the solution of which will determine Sy as a function of 
i». If the differential equation (10) be really, as it is appa- 
rently, of the n^ degree, 8y will have w arbitrary constants, 
«i, . . . a», and will be of the form 

Sy = aiPi+ a^, . . .^a^P^f 

ij, P^f.P^ being fanctions of x. Hence 

y + By^f{x) + a^P^ ... + fl^P^. 

We Bee thus 'that the given solution y = -^(a:) will be a 
parUcular case of this general integral involving u c.otl^\.^tl\.^« 
it will therefore be a particular integral oi iSa.^ ^xor^c^^^^* 
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If, owing to the constitution of its coefficients, the differential 
equation (10) be of the degree n — 1, we shall have 



y 



+ Sy = ^(aj) + a,i\... + a^,P^„ 



and y = '>^{x) will then be a particular case of a solution 
involving n — 1 arbitrary constants. It will therefore be a 
singular solution of the first order. Even so, if the differen- 
tial equation' (10) be of the degree w — 2, y = y^{x) will be a 
singular solution of the second order. And generally, if 
the differential equation be of the r^ degree, y = '^{x) will be 
a singular solution of the order n — r. 

Eesuming the equation (10) it is evident that it cannot 

JUL 

be of the degree n — 1, unless -r-^ be infinite. Eor,. dividing 
by -T^ J "^e have 

in which the first term does not vanish unless -r^ be infi- 

nite. This then is the necessary condition for a lingular 
solution of the first order. For one of the second order we 
must have in like manner 

dd> dd> 

and so on. 

It follows hence that to find the singular solutions of a 
differential equation of the w*^ order, we ought to differentiate 

the equation, regarding ^, ^ , ^ , &c. as varying through 

the variation of the arbitrary constants, to form in this way 
a linear differential equation for Sy, to examine the conditions 
under which this equation reduces to the (w— 1)"*, or to a lower 
degree, and to examine whether the most general relation be- 
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tween x and y which satisfies such condition, satisfies also the 
^v«n differential equation. If so it may be regarded as a 
singular solution. 

Besuming the last Example, viz. 
and operating with 8 we have 

which lednces to a linear differential equation of the first 
order for determining Sy, provided that we have 

Eliminating ^ from the given equation by means of this 
there results 

and we find on differentiating this that it does constitute a 
solution of the given equation. It is therefore a singular 
first integral of that equation. We see that it agrees with 
the result obtained under the same name in the previous 
Article, and the rest of the solution need not be repeated. 

3. Upon Legendre's theory, and upon its results, the fol- 
lowing observations may be made. 

1st. We learn firom it that there may exist different 
general forms of the solution of a differential equation of the 
fi^ order, viz. the complete primitiYe invoWm^ u ^^Vol^tj 
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constants, and general forms of singular solutions containing 
fewer than n arbitrary constants. A solution y = '^ (a?) of 
unknown origin being given, we construct a differential equa- 
tion for determining Sy, and, solving it, form the expression 
for y + Sy , and from the number of infinitesimal arbitrary- 
constants it contains, determine the nature of that general 
value of y of which the given value is a particular case. 
Now we are not to infer from this that the form of y + % will 
be the same as the general value of y in question. But we 
may infer that it will be a form to which that general value 
is reducible. And the actual reduction will be effected by 
expressing the general solution (as is always possible) in a 
form permitting its expansion in ascending powers of the 
arbitrary constants, and in the expansion making these con- 
stants infinitesimal, and rejecting all powers of them above 
the first.' In fact, if 

be any general form of solution which, when we assign to 
a^, a^, ...a, particular values (e.g. make them vanish) re- 
duces to 

y = ?^(a?)> 
then we shall have 

the brackets denoting that after differentiation we make 
ttj, a^, .»• a^ vanish. 

This is that limiting form of the solution which Legendre's 
method enables us to construct by the solution of a linear dif- 
ferential equation; and the ground of the sufficiency of his 
method consists in this, that the infinitesimal quantities 

Sa^, Saj,' ... Sa,.| 

which are in fact the arbitrary constants of that solution, are 
equal in number to the arbitrary constants of the general 
unlimited solution, the nature of which is thus made known. 
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2ndl7. Legendre's tests for differential equations of the 
liigher orders are in kind and effect analogous to the tests 

^— ^ 1 _ 

for differential equations of the first order. They enable us 
to decide whether a solution possesses singularity, not whether 
it possesses the envelope species of singularity. The comple- 
tion of Legendre's theory would consist in the discovery of 
those ftirther tests dependent upon integi'ation which corre- 
spond to the test of Euler and Cauchy for differential equa- 
tions of the first order. 
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[Art, 1 was intended to follow Chap, xiv. Art 2.] 

1. As the condition of dependence of functions of two 
variables is of fundamental importance in connexion with the 
theory of ordinary differential equations, so the generalized 
condition of dependence of functions of any number of vari- 
ables forms a fundamental part of the theory of partial differ- 
ential equations. This is contained in the. following proposi- 
tion. '^^ 

Prop. I. If Wj, u^i...u^ are functions of x^^ ^2»"*^n> 
but are as such so related that some one of them is expressi- 
ble as a function of the others, or more generally that there 
exists among them some identical equation of the form 

F{u,, w„ ... O = 0, (1), 

so that as functions of aj^, ^g, ... a?^ they are not mutually 
independent, then, adopting the notation of determinants, the 
condition 



du^ du^ 
dx^^ dx^'' 



du^ 
dx^ 
du^ 
dx. 



du^ du^ 
flfej ' dx^' 



du^ 
dx. 



= 



(2), 



is identically satisfied. Conversely, if the above condition be 
identically satisfied, the functions w^, w^, ... w„ are not mata- 
ally independent in the sense above explained. 
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First let it be noticed that the Proposition is hut a general- 
ization of that of Chap. ii. Supposing U and u to be two 
functions of x and y, the condition of their dependence is 
affirmed to be 

dU dU 



= 0, 



dx ' dy 

du du 
dx^ dy 

i. e. it is the result of eliminating dx^ dy^ from the equations 

dU. dU. ^ 



dx 



du J du ^ 



and therefore it is 



dU du ^dU ^w_^ 
dx dy dy dx" ^ 

as expressed in Chap. ii. 

We proceed to the general demonstration. 

Let the first member of (1), considered as a ftmction of 
Wj, Wj, ... t^„ be represented for brevity by F\ then differen- 
tiating, we have 

dF y . dF , . . dF , 

-r- du^+ -7—du^+ ...+^— aM« = 0, 

from which it follows that if c7mj, du^^ ... rfw^^ are equal to 0, 
then is du^ equal to 0; or, since Wj, w^j ••• ^n a^© ftmctions of 

du. J , du. J , du. J 



dx. 



dx^ 



^""^dx^^^dx 4.^db-0 



dx. 



dx^ 



dx. 



^«^.dir, + ^dir....+^dx.=0 



(3), 



dx. 



dx^ 



dx. 



\ 
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then is 

■ ^*.+t*'--+t'^-'' (*'• 

Thus the last n equations, linear with respect to 

are not independent, and therefore by the theory of linear 
•equations the determinant of the system vanishes identically. 
Now this is expressed by the condition (2). 

It remains to prove the converse, viz. that if the condition 
(2) be identically satisfied, the functions w^, w,, ... w„ will not 
be mutually independent. 

First, the n — 1 functions w^ w,, ... u,^ are either mutually 
independent or not mutually independent. 

If not, then the n fimctions Wj, t^,, ... w„ are not mutually 
independent, and the Proposition to be proved is granted. 

If Wj, w„ ... w^j are mutually independent as fimctions of 
a?j, a?„ ... aj„, they may be made to take the place of n — 1 of 
these quantities, e. g. aj^, a?,, ... x^^ in the expressing of w^, 
i.e. we niajr, by means of the expressions for w^, t*,, ... w^^, 
eliminate from that of u^ the quantities a?j, aj^, ... a^^, and so 
express t«„ as a function of t*j, u^^.u^^ anda?^. Suppose 
this done, then the system (3), (4) will be converted into 

c7wj = 0, c^t^i = 0, <^w«.i = 0, 

Now, the determinant (2) vanishing, the equations of the 
linear system (3), (4) are not independent; therefore those of 
the transformed system, as written above, are not independ- 
ent; therefore the last equation of that system must be a 
consequence of the others which manifestly are independent. 
But from the form of that last equation we see that such can- 
not be the case unless we have 

*i--o 
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which implies that u^ is a function of t* , w,, ... u^^ merely. 
Hence the functions u^^u^^ ...u^ are not mdependent, as was 
to "be shewn. 

The first member of the equation of condition (2) is com- 
monly called the functional determinant oi u^, u^, ,..u^ with 
respect to a;^, a;,, ...o^. The proposition may therefore be 
expressed as follows. 

The condition of dependence or independence of any sys- 
tem of iunctions of as many variables is the vanishing or 
non-vanishing of the functional determinant of the system. 

On account of the great importance of this proposition it is 
desirable to illustrate it by an example. 

Ex. Are the functions 

x + 2y + z, x — 2i/-rSZf 2xy -xz + iyz - 2«* 
mutually independent or not? 

The equation of condition is 

1, 2, 1 

1, -2, 3 =0, 

2y — «, 2x + 4^f — a? + 4y — 4i? 

that is. 

- 4 (- a? + 4y - 4«) + 8 (2y - «) - 2 {2x + 4^z) = 0, 

which is identically satisfied. Hence the functions are de- 
pendent. In fact, representing them by «, v, w^ we have 

4tt? = w* ^ ^. 

[Art. 2 was intended to follow Chap. xiv. Art. 4.] 

2. As it has been shewn that a primitive 

u^<l>{v) (1) 

leads to a linear partial difi^erential equation of the form 

JPjp-kQq--R ^V 
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provided that w = a, t? = 6, are Integrals of the system of ordi- 
nary differential equations 

dx dy dz /^x 

P = Q-£ • ^^)' 

it IS evident that we shall obtain a solution of the partial dif- 
ferential equation (2) by constructing the system of ordinary 
differential equations (3), deducing their general integrals 

and then constructing from these the primitive (1). 

But the question arises, Will this be the most general solu- 
tion of the partial differential equation given? 

That it will be so, may be shewn by means of the general 
proposition. See Art. 1. 

For let w = represent any solution whatever of the given 
partial differential equation. Differentiating this with respect 
to X and y, we have 

dw dw ^ dw dw 

substituting the values of ^ and j formed from this in the 
given equation, we have 

p^+0^ + 5^ = 
dx dy dz ^ 

which must be identically satisfied. 

In like manner, w = a, t; = & being solutions of the same 
equation, we find 

■w^du >-v du *> du 
dx dy dz ^ 

dx dy dz ^ 
which must be identically satisfied. 
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Eliminating P, Q, It from these three equations^ it results 
that the Junctional determinant qfw^ u, v, with respect to x, y, Zy 
will identically vanish. Hence w is & function of u and v, 
and the equation w = is A particular case of 

F{u, t?) = 0, 

which is thus shewn to he the general integral of the given 
equation. 

We are thus led to the following general Kule. 

KuLE, To integrate the equation Pp+ Qq==It we must 
form the system of ordinary differential equations 

dx _dy ^dz 

deduce their general integrals in the form 

tt = a, v = by 

and construct the equation 

F{u, v) = 0. 

This will be the general solution sought. 

[Art. 3 was intended to follow Chap. xiv. Art. 5.] 

3. The above theory may be extended to linear partial dif- 
ferential equations of the nrst order^ without regard to the 
number of the variables. 

First, the theory of the genesis of such equations is ex- 
pressed in the following proposition. 

Peop. a primitive equation of the form 

F{U,y w„ ... u^) = (1), 

in which w^, Wj, . . . t«„ are any given functions of the vari- 
ables z, dependent, and x , x^, ... x^ indejjendent, will satisfy 
the linear partial differential equation obtained by eliminating 
dz, dx^, dx%f ,,,,dx^froni 

du^=:Oy dui^O^ dun=Q> 
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expressed as total differential equations with respect to the 
primitive variables, and the equation 

dz -^Pxdx^ — pjCic, ... — ^»(fo» = 0. 

Of this important proposition I propose to give two distinct 
proofs. 

1st proof. Forming the total differential of the given 
equation we have, on representing its first member by F^ 

dF 7 dF y dF 7 

Now this cannot be true for all forms of the ftmction unless 
we have the separate conditions 

dttj= 0, dWj = 0, du^ = 0. 

Strictly to prove this, suppose i^, i^, . • . jPJ, to be any n 
distinct and independent functions of w., Wj,...w^, and as 
such, distinct and independent forms of F Then fiie above 
equation gives 



dF^ - dF^ 7 dF^ , 

Now -Fj, F^,...F^ being independent, their fdnctional 
detenninant with resDect to t^j, w^, ...t««, does not vanish. 
This again is the condition necessary and sufficient that the 
above system of linear equations may be independent ; and 
this lastly being the case, their only possible solution will be 

du^ = 0, d% = 0, du^ SB 0, 

as was to be shewn. 
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These equations in their developed expression 

^dx, + f-'& = 0. 

dx^ * dz 

P^dx, +^dz = 0, 

dx^ ^ , dz ^ 

enable ns to determine the ratios of dx^y dx^, • . . dx^y dz in 
the form 

where X^, -Xj, ...X„, 5 are functions of the original vari- 
ables. And now, forming the equation 

p^dx^ +jp^dx^ . . . + PndXn — cfe = 0, 
and eliminating the differentials, we find 

for the partial differential equation sought. 

2nd proof. Differentiating the given primitive with respect 
to a?j, as contained explicitly in the functions u^, u^, .. .u^, and 
also implicitly in the same through z, we have, on represent- 
ing the first member of the equation by F, 

dF fdu^ du\ dF (du^ du\ 

duXd^t^^'^j'^duXdx, "^-P^ dz) - 

dF (du^ d% 



dF fdu^ duA ^ 



or 



dFdu^dFd^ ,dFdu^ dF ^^ 

du^ dx^ du^ dx^ "* du^ dx^ dz ^^ ' 

since 

dFdu^dFdu^ dFdu^^dF 

duj^ dz du^ dz "* du^ da da * 
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Differentiating thus with respect to the remaining ind 
pendent variables, we obtain finally the system 

du^dqa^ du^dx^"' du^ dx^ dz^^ * 
dF du. dF du^ . dF du^ . dF 



du^ dx^ du^ dx^ 



du^ dx^ dz 



dF du. dF du^ dF du^ dF , ^ 



du, dx^ du^ dx. 



du^ dx^ dz 



&om which, in combination with the equation 

dF du^ . dF du^ . dF du^ dF ^ 



we can eliminate 

dF dF 
du^^ du^^' 

The result will be 

du^ du^ 
dx^' 1^;^ 



dF^ dF 
du^ ' dz ' 



du^ 



du^ du^ du^ 

du^ du^ du^ 

dz ' dz ' dz 



ll^n 



,-1 



= 0, 



or, conyerting rows into columns, 



duj^ du. 



dx{ 



du^ du^ 
dx^^ dz 



du„ du^ du„ du^ 

dx^^ dx^* dxj dz 



= 0. 
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which is the determinant form of the result affirmed in the 
proposition. 

The second of the above forms of demonstration seems to 
be preferable to the first, in that it rests only upon the consi- 
deration of the one general form of the function F. I have, 
however, given the two proofs, chiefly in order to illustrate 
an important remark, viz. that, in nearly all general re- 
searches connected with partial differential equations of the 
first order, two modes of procedure, the one involving the 
use of differentials, the other that of differential coefficients, 
may be employed, and that between the forms to which these 
respective modes give rise, a certain law of reciprocity will be 
found to exist. 

The theory of the solution of the partial differential equa- 
tion 

follows immediately from that of its genesis. If we repre- 
sent by 

the integrals of the system of ordinary differential equations 
(2) a solution of the given partial differential equation will 
be represented by (1). That this will be also the most gene- 
ral solution may be shewn by the argument of Art. 1. For 
if t^7 = represent any solution, then since 



we find 



dw dw ^ dw ^ dw _ 

^/^»^=^ ^.+-p-^=^' 

„dw ^ ^dw dw j^dw 



from which, in combination with the corresponding equations, 






B.D.E. II. 



1 

j 
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elimina;ting JT^, X,, ... X^^ B we obtain a result which ex- 
presses that the functional determinant of w, u,,... ti^ with 
respect to the original variables is virtually 0. Whence w is 
a function of w^, t*,, ... w^, and the proposed solution is in- 
cluded in the one to which the above method of solution 
leads. 

That method may therefore be stated in the following Sule. 

BuLE. To integrate the linear partial differential equation 

^ dz ^ dz , XT ^^ i> 

form the system of ordinary differential equations 

dx^ _ dx^ __ dx^ _ dz 

and deduce their general integrals 



then 

will he the general integral sought. 



[The general observations were intended to follow Chap. 
XIV. Art. 6.] 

General observations. 

4. The relation which exists between a proposed linear 
partial differential equation and its auxiliary system of ordi- 
nary differential equations should be carefully studied. While 
it is proper to say as above that the general integral of the 
one requires the knowledge of all the integrals of the other, 
it is also proper to describe that general integral simply as 
the most general form under which an integral of the auxi- 
liary system can appear. If 

are integrals of that system, then 

F{u^jU^,...u^) = A 



ART. 5.] ADDITIONS TO CHAPTER XIV, 67 

is the one general fonn of an integral of that system, and 
, due regard being had to the arbitrariness of F^ this- is equi- 
valent to 

jP(Wj, w,, ... ttj = 0, 

5. The form which the auxiliary system assumes when 
the given partial differential equation is deficient in any of its 
terms should be noticed. 

If X, = 0, the auxiliary equation 

becomes, on clearing of fractions, 

And thus, if X^, X,, ... X^ vanish, the given equation being 

the auxiliary system will be 

dx^^ __ dXf^ __ dx^ __ dz 

Xr+i X^^j X^ X 

and the integrals of this system being of the form 

the general solution of the given equation will be 

F[x^y a?^, Wr+i, w«) = 0. 

This conclusion would follow also from the principle laid 
down in Chap. xiv. Art. 2. 

Linear partial differential equations in which the absolute 
term is wanting, and which are therefore of the form 



n 
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may be termed homogeneous. As in this case one of 
auxiliary equations is 

the general integral will be 

Wj, t*j, w^i being found by the integration of the remab^ r 

ing auxiliary equations 

y ~~ y ••• — -y • 

When Xj, X„ X^ do not contain z, the solution is best 

exhibited in the form 

z = (l>{u,,u^, O- 

6. Every linear partial differential equation can be convertei 
into a homogeneous one containing one additional variable^ 
For it is shewn in Art. 3, that if w = be any integral of 

^ dz ^ dz ^ dz ^ 

then is 

^ du ^ du y du ^du 

^^-^^-^^-d^-^^-dx^-^^Tz^^' 
a homogeneous equation with a new variable. 



,From the general integral of this equation, that of the 
former one may be deduced by making w = 0. 

7. The solution of partial differential equations is some- 
times facilitated by introducing a new system of independent 
variables. The actual transformation is greatly facilitated 
by the following symbolical theorem. 

Theorem. If the partial differential equation 

^ dz ^ dz ' dz ^ 
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be expressed sjmbolicallj in the form 
in which 

then, if jfi^y^i y* he a new system of independent vari- 
ables given in expression as functions of the old ones, the 
transformed equation will he 

(Ayj|+(AyJ*... + (A,0|--X 

For, regarding 2; as a function of yj, y,, t/^, we have 

dz^^dz^d^^dz^^ ^ dz dy^ 
dx^ dy^ dx, dy^ dx^ *•* dy^ dx^ ' 



dz __ dz dy^ dz dy^ dz J^ ^ 

dx^^dy, dx^ Hy^ cte^*" dy^ dxj 

whence, substituting in the given equation we find, as the 
•total coefficient of -r- , the expression 

or symbolicallj, Ay^; and so on for the other coefficients. 
» The result then is 

(Ay,)| + (Ayj|... + (A,j|.-X 

It remains only after calculation of Ay^, Ay,, Ay^, as 

innctions of a?j, a?,, a?^, to express these functions and X 

m terms of yj,y„ y«. 

[It appears from the manuscript that an example was to 
have been supplied here.} 
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[The next Article maj be considered supplementaij to 
Chap. xiy. Art. 10.] 

Singular Solutions of partial Differential EquoHons. 

' 8. Legendre's theory developed in Chap, xxiil. for ordi- 
nary, may be applied also without essential change to partial, 
differential equations. Regarding the independent variable 
z as receiving an infinitesimal change Iz through infinitesimal 
change, not in the values of the independent variables 

but in the values of the arbitrary constants of the complete 
or in the forms of the arbitrary functions of the general inte- 
gral, and performing upon the given equation the operation 
denoted by S, we shall obtain a linear partial- differential 
equation for determining the general value of iz corresponding 
to any particular given value of z. If that linear equation be 
of a lower order than the differential equation given, then the 
equation expressing the value of z-\-Zz will be a limiting 
form of a solution less complete or less general than the com- 
plete or general solution of the differential equation given, 
and the given solution, formed by making the infinitesimal 
constants in the limiting form actually 0, will be singular. 

Conversely, to deduce singular solutions without the know- 
ledge of the complete or the general integral, we ought to 
construct the equations of condition for the reduction of the 
equation determining hz to a lower order than the equation 
given, and the most general solution of the differentijd equa- 
tions of condition so formed, will be the most general expres- 
sion for the singular solutions of the differential equation 
given. • 

Ex. (pa?-2'y)'j + 47na^(;sf-ap)=0, 

in which 

' _^dz ^dz 
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. Bepresenting^ the first member of the equation by F^ we 
have, on operating by S, 

dp dx dq dy dz "" ' 



and the conditions 






necessary to reduce the equation for hz to a lower order give 

{^px — qy) q — 2ma?' = 0, 
{px-qy) {px-dqy) = 0. 

From these we find 

p = 3m*a?*?/*, q = m^ary'^f 

definite and simultaneous values of ^ and q, which being sub- 
stituted in the given equation lead to 

z = 2m*a?'^*, 

and this^ as it gives the same values of p and q as those 
obtained before, will necessarily satisfy the given equation. 
It is therefore a solution, and from the nature of the analysis, 
a singular one. 

Xegendre shews that this singular solution is also dedu- 
cible from the general integral of the given partial dificren- 
tial equation. That integral is the result of the elimination 
of a from the two equations 

{<!> {a)Y — 2ax(l> (a) -{-az — mxy = 0, 

[^ (a) — ax] <!> (a) — 2x<l> {a) + z=^ 0. 

To deduce the singular solution he supposes ^ (a) to be not 
simply a function of a, but a function of a and of ow!^ ot 
both of the independent variables. He ex^i^^^^b^ ^^ n^\\^- 
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tion of 6 (a) derived from this new source by 5, and operating 
on the first equation with S, finds 

{2^(a)-2aa;}S^(a)»0; 

therefore ^ (a) = ax. 

Substituting this in the equations of the general integral, and 
eliminating a, we find 

z = 2mMy* 

as before. 

« 

Legendre states his theory of the derivation of the singular 

solutions of partial differential equations from the equations 

themselves with great brevity, but still as a general theory. 

And there is nothing in the statement that carries with it any 

apparent restriction upon either the order or the degree of the 

equations given. Until however we are in possession of a 

perfect theory of the genesis of partial differential equations 

we shall not be entitled to say that Legendre's theory of 

their singular solutions is a perfect one; for until then we 

cannot even define, in a perfectly general way, the nature of 

the operation denoted by & 
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[The next three Chapters all relate to the subject of partial 
differential equations of the first order. The manuscripts do 
not appear to have received their final revision from Professor 
Boole. It is certain that he intended the contents of Chapter 

XXV. to form a part of the new edition; and it is highly 
probable, although not certain, that the contents of Chapter 

XXVI. and Chapter xxvii. were also to be included. 

The three Chapters are mainly derived fi:om two memoirs 
by Professor Boole, published in the Philosophical Tram- 
actions. 

The first memoir is entitled On Simultaneous Differential 
JSquations of the First Order in which the Number of the 
Variables exceeds by more than one the Number of the Equor- 
tions: it occupies pages 437. ..454 of the Philosophical Trans- 
actions for 1862. 

The second memoir is entitled On the Differential Equa- 
tions of Dynamics, A sequel to a Paper on Simultaneous 
Differenticd Equations: it occupies pages 485... 501 of the 
Philosophical Transactions for 1863. 

The first memoir was finished before Professor Boole had 
seen Jacobi's researches, which are cited at the beginning 
of Chapter xxvi ; these researches indeed could only just 
have been nublished. In his second memoir Professor Boole 
describes Jacobi's methods, refers to his own already pub- 
lished, and points out the nature of the connexion between 
them.] 
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CHAPTEE XXV. 

ON SYSTEMS OP SIMULTANEOUS LINEAR PARTIAL DIFFEREN- 
TIAL EQUATIONS OF THE FIRST ORDER, AND ON ASSO- 
CIATED SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS. 

1.. The term simultaneous is here applied to a system of 
partial differential equations, to signify that in that system 
there is but one dependent variable, the general expression 
of which, as a function of the independent variables satisfy- 
ing all the equations at once, is tne object of search. All 
linear partial differential equations of the first order being re- 
ducible to the homogeneous form, we shall presuppose this 
reduction here. Under this form indeed the problem actually 
presents itself in Geometry, in the theory of partial differential 
equations of the second order, and in Theoretical Dynamics. 

We are sometimes led, in connexion with the same class 
of inquiries, to systems of ordinary differential equations 
marked by the peculiarity that the number of the variables 
exceeds by more than one the number of the equations. Such 
systems are intimately connected with the former — stand 
to them indeed in a similar relation to that which the 
Lagrangean auxiliary system bears to the single partial dif- 
ferential equation from which it arises. The theory which 
explains this connexion, and grounds upon it the method of 
solution of both systems will form the subject of the present' 
Chapter. 

Connexion of the Systems. 

2. Prop. I. The solution of a system of simultaneous 
linear partial differential equations of the first order may be 
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made to depend upon that of a system of ordinary difTerential 
equations of the hrst order in which the number of the vari- 
ables exceeds by more than one the number of the equations. 

The system of partial differential equations being reduced 
to the homogeneous form, Chap. xxiv. Art. 6, let n be the 

number of the equations, a?^, a?,, x^^ the independent 

yariables, and P the dependent variable. 

Then from the n given equations determining 

dP dP dP 



dx, ' dx^ 



dx' 



we obtain an equivalent system of equations which, by trans- 
position of its terms to one side, assumes the reduced form 



dP^ J ^P ^A ^P 






+ ^K-i = 



dx. 



IHT 



A dP ^ 



dx. 



fi+r 






(1), 






. A dP ^ 

+ A^-. — = 



'n+l 



"+a 



dx. 



tn4r 



Multiplying these equations by the arbitrary constants 

\, \, \ 

respectively, and adding the results, we have 



dP dP dP 



+ (Aj^jj + K^A^ ...... + \^A.^ 

+ 



dP 

dx, 



•H-l 



dP 



■^{\A„+\A„ +x^4^)^__=Q 



V^^^ 
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a single partial differential equation which, on account of the 

arbitrariness of X,,Xa, \^ is equivalent to the sjstem 

from which it was formed. 

Of this equation the Lagrangean auxiliary system will be 



^1-^11 + \^n + \-^ni 



dx. 



\A\r'^^%^» + ^nAw 



(3), 



whence, eliminating X,,X,, X^,, we have the system of 

ordinary differential equations 



dx^^ — A^^dx^ — Ag^dx, ... .-^A^^dx^ = 0" 
dx^jt — A^^dx^ — A^dx^ ....—A^dx^ = 



w, 



dx^^"A^/tx, - A^dx^ ....'- A^^dx^ = 

These equations being included in the previous system (3), 
any integrals 

t£ = a, t?==J, to = c, &c. 

of them will be integrals of it. Therefore u, v, w,... will be 
values of P satisfying the partial differential equation (2). 
For they will be the only values which can satisfy it inde- 
pendently of Xj, X,, X^. Hence they will satisfy the 

equivalent system (1), and the general integral of that system 
will be 

F{u, t?, w, ...) =0 (5), 

the form of -F being arbitrary. 

Thus the relation of the system (4) to the system (1) is the 
same as the relation of the auxiliary system of a single linear 
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partial differential equation to that equation. And the ground 
of this relation is seen to be the same in both cases. The 
one form necessitates the other. 

3. Instead of employing the above mode of deducing 
the auxiliary system, we might employ the following which 
is practically more convenient. 

Since any value P which satisfies the partial differential 
equations determines P=c as an integral of the ordinary sys- 
tem, the latter must be consistent with rfP=0 in its de- 
veloped form 

dP , dP , dP , 

-^dx,-^-dx, "^^^-^ = ^- 

T^,. . ^. dP dP dP 

Ehminating ^, ^, ^^ 

by means of the n given equations (1), we have 

dP 
^- [dx^^- A^^dx^^ AJ^^ - Ai^O 

dP 



dP 

-^ -^Z^ {^n^r- A^^^- A^^ -AJIX^^O. 



dx. 



«!+«• 



Whence, equating to the respective coefficients of 

dP_ dP_ dP 

we have the system (4). 

In the same way we can pass from the system of ordi- 
nary to that of partial differential equations. From the €qua- 
tion dP^ 0, in tts developed form^ toe must elimmciAe a •auw)aerc 
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of differentials dx^j d!r^, ... equal to that of the given equor 
iions, and then equate to the coefficients of the remaining 
differentials, 

4. Lastly, the formal connexion of the two systems shonld 
be noticed. The partial differential equations being given in the 
reduced form (1), the ordinary system may be constructed as 

follows : For any differential coefficient, as -^ — , in any 

column after the first, write the corresponding differential 
dx^_^^y subtract from this the sum of dx^^ dx^j dx^^ mul- 
tiplied respectively by the descending coefficients of that 
column, and equate the result to 0. The system of equations 
thus successively formed will be the auxiliary system sought. 

The transition from the ordinary to the partial system may 
be effected by the same rule, substituting only differentials 
for differential coefficients. 

[It appears from the manuscript that an example was to 
have been supplied here.] 

Up to this point the theory of systems of partial differen- 
tial equations is in analogy with that of single equations. 
But here a difference arises. We do not know beforehand 
what number of integrals a system of ordinary differential 
equations, in which the number of variables exceeds by more 
than one the number of the equations, admits. 

The theory which removes this difficulty will be developed 
in the following sections. It will be shewn that a system of 
linear partial differential equations which admits of solution 
by the assigning to the dependent variable a value which 
satisfies all the equations in common, must either itself satisfy 
a certain condition, or be capable of being developed into a 
new but equivalent system which will satisfy that condition. 
It will be shewn that when that condition is satisfied, the 
auxiliary system of ordinary, is capable of expression as a 
system of eccact differential equations determimng the inte- 
grals sought 
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It will be found convenient to express hy a single symbol 
the aggregate of the operations to which the dependent vari- 
able is subject in the expression of a partial differential equa- 
tion. Thus the equation 

dz dz dz ^ 
dt dx ^ dy 

may be expressed in the form 

A« = 

if we assume 

d , d , d 



dt dx dy* 



Under this convention the following proposition is to be 
understood. 



5. Prop. II. If AP = 0, A'P=0 represent any two 
homogeneous linear partial differential equations of the first 
order, then will 

(AA'-A'A)P=0 

also be a homogeneous linear partial differential equation of 
the first order, and it will be satisfied by all the common 
integrals of the equations from which it is derived. 

First, the equation will be linear. For, let a?, y represent 
any two variables whatever, or the same variable repeated, 
out of the set a?j .... a?^, and let -4, B represent any functions 
of the variables a?j^ .... a?^. Then A may be represented by a 

series of terms of the form A -7- , and A' by a series of terms 

of the form B -j- . Hence (A A' — A' A) P can be expressed 
by a series of terms of the form 



dx\ dy) dy\ dx) ^ 
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which, on effecting the differentiations, becomes 

A——^B— — 
dx dy dy dx^ 

the terms containing the second differential coefficients of P 
mutually destroying each other. Hence the equation 

(AA'-A'A)P=0 

will be a homogeneous linear partial differential equation of 
the first order. 

The constitution of the coefficients of this equation is easily 
determined. For suppose the given equations to be 

.dP ^dP_ ,.dP 

dP j.dP ■ .ridP_ 

so that 

^-^•l ^^-i- ^'-^'A ^^-i- 

then the equation 

(AA' - A'A) P= 

may be written in the form 

J, f n dP _^ J. dP ^jydP\ 

..f.dP^.dP . J dP\ 

and, since terms involving second differential coefficients of 
P will disappear, this becomes 



+ (A5.-A'^J^=a 
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We see from this that the form of the result is the same as 
tf the A or A* from either equation operated only on the coeffi" 
dents in the other equation. 

Secondly, the above equation will be satisfied by all the 
common integrals of the equations from which it is derived. 

For, let ^ = c be a common integral of 

AP=0 and AT=0, 
then 

A^ = 0, A'^ = 0. 

• 

Performing on these the respective operations A' and A, 
operations which involve- only differentiation together with 
algebraic processes, we have 

A'A^ = 0, AA'^ = 0, 

whence, by subtraction, 

AA'^ - A'A0 = 0, 

or (AA' - A'A) ^ = 0, 

from which it appears that ^ is also an integral of the 
equation 

(AA'-A'A)P=0, 

as was to be shewn. 

6. Prop. III. If by the above processes of reduction and 
derivation we convert a system of partial differential equa- 
tions into a new system, such that if^expressed in the form 

A,P=0, A^=0, A,P=0, 

the condition 

(AA-AA)P=0 

shall for each pair of equations be identically satisfied, then 
the system of ordinary differential equations corresponding 
to this new system will admit of reduction to the form of 
exact differential equations, the integration of which will 
enable us to construct the general value of P satisfying the 
system given. 

B,D.E. II. ^ 
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Ist. Suppose the given system of n equations reduced to 
the form (1), marked hy the peculiarity that n of the differen- 
tial coefficients appear only in successive equations and with 
the coefficient unity. Then taking any two of those equa- 
tions (we select the first two), we have 

A ^ i A ^ X A ^ 



K d , , d id 



A^ 



from the forms of which we see that the derived equation 

(A.A,-AA)-P = 

cannot contain either 

dP dP 
dx^ dx% 

It can only, as appears from Art, 5, contain the differential 
coefficients 

dP dP 



and must be of the form 

'dx^, »db^ '■flb^ 

It cannot therefore be an algebraic consequence of any of th^ 
equations of the system (1) from which it was derived. It is, 
unless by the vanishing o{ B^,.,,.B^ it present itself as an 
identity, a new equation algebraically independent. Com- 
bining this with the former ones, we have a system of n + 1 
equations admitting of the same reduction as to form fol- 
lowed by the same subsequent process of derivation. And 
the result of each of these completed steps is to convert the 
system into one containing one equation more than before ; 
but containing in each of its equations one term fewer than 
before. The process must then end either in the genesis of a 
system of partial differential equations such that the further 
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application of the process of derivation of Prop. il. shall only 
lead to identities, or in the emerging of the system 

— = — = — = 

dx^ ' dx^ ' dx^ 

The latter supposition would imply that P is a constant 
The consequences of the former we proceed to examine. 



The final system of linear partial differential equations 
will be of the same type (1) as the original system, but will 
differ from that system in that n will be increased, and r 
diminished by the same amount. We shall therefore simply 
state the form (1), only under the condition 

(AA-AA)-P = 0, 
and with the altered values of n and r. 

First, then, the common integrals of the new system will 
be the same as those of the original system. This is evident 
from Prop. II. 

Secondly. If we write 

m^n + r, 

the first equation of the system (1) will be 

and the auxiliary Lagrangean system of this will have w — 1 
independent integrals 

among which the w— 1 known integrals (Chap. XXIY. Art. 5) 

^«=^a> a^8=<58> ^n'^^f^ 
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are included. And the general value of P satisfying the 
above first equation will be 

The assumption P=x^ would not satisfy the said equation, 
for it would lead, on substitution, to 1 = 0. Hence we infer 

that while the functions w^, w,, u^. are independent with 

respect to each other, they are also independent with respect 
toa?i, so that the m functions «*j , u^, w^j, a?j, are mu- 
tually independent in the sense explained in Chap. xxiv. 

Let us now transform the equations of the system (1) after 

the first by introducing w^, u^, w^j, x^ as independent 

' variables. Those equations being 

A.P=0,......A,P=0, 

the result of tiie transformation will be (Chap. xxiY. Art 7) 



"a ^^m-\ 



,. .dP , ,. .dP .. . dP ,. .dP „ 

(A.«.) 5- + (A„«.)^^ + (A.O ^^ + (A,x.) ^=0. 

But P = a?j being an integral of each of the equations of 
the system (1) except the first, as appears from their forms, 
we have 

Aja?j = 0, A^ajj = 0, 

thus the last terms in the transformed system vanish. Further, 
the coeflBcients of the remaining terms reduce to functions of 

Wj, t^g, w^j merely. For, considering the coefficient A^u^, 

we have 

(AA-AA)w. = o, 
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which, smce A^Wj = reduces to 

Aj AgWj = 0. 

Hence A^w must be a solution of \P= 0, and therefore a 

ftmction of w,, w^, w^j. And so for the others. It 

results therefore that the transformed system is 

, . » dP , . . dP . . y. dP ^ 



IK \^P ■ /A \^P ./A ^ ^P n 

(^"'^^ + (^"'^ rf«; +(^-«-) a:::=^' 

Wj, w,, w^j being the CLctucA independent variables of the 

system. 

But the transformation having involved no loss of gene- 
rality, for a new system of m independent variables was 
simply substituted for an old one, the condition 

(AA-AA)i'=0, 

satisfied before, will continue to be satisfied in the new sys- 
tem represented symbolically in the form 

A,P=0, A3P=0, A^P=0. 

Any common integrals of this system will also be common 
integnds of the previous system. For as functions of 

they will satisfy the first equation of that system, and they 
will satisfy the other equations, because the present isystem is 
but a transformation of those. The converse i3 equally mani- 
fest. 

Thus a system of n partial difi^erential equations contain- 
ing m independent variables and sati&iymg ^ c^tNaksi ^^\^- 
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tion, has in virtue of that condition been converted into a 
system of n — 1 equations between m — l independent vari- 
ables, and satisfying the same condition. This then is con- 
vertible into a similarly constituted system of n — 2 equations 
containing ?n — 2 independent variables, and so on till we 
arrive at a final single partial differential equation containing 
m — n + 1 independent variables. This equation has m — n, 
that is, r integrals, and these are the common integrals of the 
system (1). 

But the system of ordinary differential equations corre- 
sponding to (1) is in number r, and is siatisned by all the 
common integrals of that system. Hence these differential 
equations must admit of reduction to the exact form. 

. 7. We may deduce firom the above investigation the fol- 
lowing Kule. 

To integrate a svstem of simultaneous linear partial diffe- 
rential equations of the first order. 

EuLE. Reduce the equations to the homogeneous form 
(I), express the result symbolically by 

A^P = 0, A,P=0, A,P = 0, 

and examine whether the condition 

(AA-AA)P-0' 

is identically satisfied for every pair of equations of the sys- 
tem. If it be so, the equations of the auxiliary system, 
Prop. I., will be reducible to the exact form, and their inte- 
grals being 

w = a, t? = J, w = c, 

the complete value of P will be F{u^ t?, w, ...), the form of i^ 
being arbitrary. 

If the condition be not identically satisfied, its application 
will give rise to one or more new partial differential equa- 
tions. Combine any one of these with the previous reduced 
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system, and again reduce in the same way. With the new 
reduced system proceed as before, and continue this method 
of reduction and derivation until either a system of partial 
differential equations arises between every two of which the 
above condition is identically satisfied, or, which is the only 
possible alternative, the system 

— =0 — =0 

• 

appears. In the former case the system of ordinary equations 
corresponding to the final system of partial differential equa- 
tions will admit of reduction to the exact form, and the gene- 
ral value of P will emerge from their integrals as above. In 
the latter case the given system can only be satisfied by sup- 
posing P a constant. 

Ultimately then the determination of P depends on the 
solution of a system of ordinary differential equations reduci- 
ble to the exact form. This does not mean that each equation 
of the system is reducible to the exact form, but th^,t the 
equations may be combined together so as to form an equal 
number of equivalent equations of the exact form. Generally 
when we know this combination to be possible it is easy 
to effect it, and best to endeavour to do so. We might how- 
ever employ the method of the variation of parameters as fol- 
lows. Supposing^ the number of differential equations make 
all but ^ + 1 of the variables constant, integrate the reduced 
system, and then seek to satisfy the unreduced system by the 
same series of integrals with the arbitrary constants as new 
variables. The successive integrations and transformations 
of this method would amount to the same thing as those 
upon which the second part of the demonstration oi Prop. iii. 
rests*. 

Lastlv, given a system of ordinary differential equations 
containing a superfluous number of variables without know- 
ing how many integrals they admit, we must, supposing 
P= c to be any integral, construct the corresponding system 

* It was thus indeed that the author waa tot \«d. V> VSco.^ VXi^vsr} : 



88 LINEAB PARTIAL DIFFERENTIAL [CH. XXV. 

of homogeneous partial differential equations satisfied by P, 
and apply to them the foregoing Bule. 

8. Ex. Bequired the integrals of the simultaneous par- 
tial differential equations 

dP . ^ .dP , ^ ^dP ^ 

dP . ^ ^ .dP , sdP ^ 

Eepresenting these in the form AiP=0, A^ = 0, it will 
be found that the equation 

(AA-AA)-P=o 

becomes, after rejecting an algebraic factor, 

dP ,dP „ 

and the three equations prepared in the manner explained in 
the Rule will be found to be 

dP ,„ . ^dP ^ 
dP^ dP ^ 

d^^yTz-^^ 

dt dz 

No other equations are derivable from these. We conclude 
that there is but one final integral. 

To obtain it, eliminate 

dP dP dJP 
dx' dy' dt 
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from the above system combined with 

dP, dP, dP. dP. - 
-dx+^dy + ^dz + ^^dt==0, 

and equate to the coefficient of -j- in the result. We 

find 

cfe — (^ + 3ic*) dx — ydy — ocdi = 0, 

the integral of which is 

5? — OJ^ — OJ — ^ = c. 

An arbitrary function of the first member of this equa- 
tion is the general value of P. 

[It appears from the manuscript that another example was 
to have been added here.] 
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CHAPTER XXVI. 



HOMOGENEOUS SYSTEMS OP LINEAR PARTIAL DIFFERENTIAL 

EQUATIONS. 

1. The theory of homogeneous systems of linear partial 
differential equations in which when expressed in the sym- 
bolic form 

A.P=0, A,P=0 A„P = (1), 

« 

the condition 

(AA- AA) ■?= (2) 

is for all combinations represented by t and J satisfied in 
virtue of the constitution of the symbols A<, A^, forms the 
subject of important researches by Jacobi {Nova Methodtis... 
Crelle's Journal, Vol. LX. p. !)• The following are the most 
important of his results. 

1st. An integral of any one equation of the system being 
found, other integrals of the same system may be obtained 
without integration, by a process of derivation founded upon 
the condition (2). 

Let ^ be an integral of the first equation of the system. 
Then is the equation 

A,^ = 

identically satisfied. 

Also the condition (2) being satisfied in virtue of the con- 
stitution of the symbols, we have 

(A,Ay-AA)^ = 0; 
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and in particular^ making t = 1, and separating the terms, 

whicli reduces by a prior equation to 

It appears from this that A^, if it do not reduce to a con- 
stant, is ^n integral of the iirst equation A^^^O, and, if it 
prove to be not a mere function of ^, a new integral. 

This process may be repeated upon the new integral with 
a similar alternation of results. It will be evident from this 
that if we confine our attention to the two equations 

and suppose, as before, ^ to be an integral of the first, then 
wiU 

A,^, A,(A,^), A.{A.(A.^)},... 

or, as these may be expressed, 

Aj^, A, ^, Aj ^, ... 

be also integrals of the first equation ; and this process of 
derivation may be continued until we arrive at an integral 
A/6 which is not independent, but is expressible as a func- 
tion of prior integrals 

and, sooner or later, such a result must present itself, since 
the number of independent integrals is finite. 

^ It is further seen that the most general symboUc form of an 
integral derivable from the root integral ^ is 

a, /3, • /A, being positive integers. 

. The above remarkable theorem was in some degree. W3A.\r\- 
pated by the researches of Poisson. 
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2ndl7. Jacobi shews how hy the aid of such derived in- 
tegrals of the first equation of the system a common integral 
of the first and second equation may oe found, and how from 
this integral and its derived series a common integral of the 
first three equations of the system may be found, and so on, 
until a common integral of the entire system has been as it 
were built up out of previous integrals of less general appli- 
cation. 

Let <l>, <f>, <^\ ^<'*-i) represent a series of independent 

integrals of the equation AjP=0, of which ^ is the root in- 
tegral, and the rest are derived firom it by successive applica- 
tions of the operation denoted by A,, so that 

f = A,^, <^(^"i) = A/-V; 

also let A/^ be not a new integral but a function of 

<^,f,. <^^-^^ 

Now ^, <f>\ <^Ot-i) being particular integrals of AjP=0, 

the function F{^, ^\ ^(^-i)) will also be an integral of 

the same equation irrespectively of its form. Let us inquire 
whether the form of the function can be so determined as 
to render it also an integral of the second equation A^P = 0» 

We have then to satisfy the equation 

A,jP(^,f, <^(^-i))=0. 

By the principles of the Differential Calculus this equation 
assumes the form 

A I ^^ . K It dF . ,, -. dF ^ 

But A,^ = ^', A,</>' = f , As^e*-^ == ^<^.-^^I. 

lastly, Aj^^**-^ may by hypothesis be expressed in the form 
/(^, ^', ^^""^0. Thus the equation to be satisfied is 
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+/(^.f, *''-") 5^ = 0' 

a linear partial differential equation of which the auxiliary 
sjstetQ is 

Now the integration of this system may be made to depend 
upon that of an ordinary differential equation of the (ji — 1)*^ 
degree between the two variables ^^'^"^^ and <f}. 

For we have 



d4y-'\ _ f {<i>, <i>\ <^^-^)) 

d<f> ^' • 

Differentiating the last equation with respect to ^, and attend- 

d^(hit^-i) . 
ing to the former ones, we shall be able to express T. ^ in 

terms of the variables <^, ^', (f)^'^\ Proceeding with 

this in the same way and continuing the process we shall be 
able to express the series of differential coefficients 

~d4~' ~~df~' d(f>^'^^ 

in terms of ^, ^', ^^"^^ Prom these fi-l equations, 

eliminating <(>, ^", (j}^-^, we shall have a final equation 

between 

that is, a differential equation of the (jjl — 1)^ order betweeiv <^ 
and ^^^K 
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The complete integral of this equation will be of the form 

Differentiating this /t — 2 times in succession with respect to 
^, and continually substituting for the differential coefficients 
of (ff^-^) their values as before assigned in terms of 

^,f, ^^-^ 

we shall have a system of /* — 1 equations connecting the 
above variables with the constants Cj, c,,,.««»c^-i. Finally, 
solving these equations with respect to the constants, we shall 
possess the integrals required in the form 

J^K^,^, ^<^-«)=ox. 

and each of these will be a common integral of the first two 
equations of the given system (1). 

[On the back of a page of the manuscript the following 
paragraph occurs, which seems to have been intended as a 
simplification of the preceding argument which begins with 
"The complete integral.'*] 

Suppose that a first integral of the equation can be found. 
Its form will be 



F 



v^'^ ' d<i> ' rf^« ;~^- 



Substitute in this for the differential coefficients of ^^'*-^> 
their values before assigned in terms of ^, ^', {}>\...<l>^*^\ and 
we have an integral of the system (3), and therefore a com- 
mon integral of the first two equations of the system (1). 

[We now return to the place at which we inserted a para- 
graph.] 

Just in the same way Jacobi deduces a common integral of 
the first three equations of the system (1), For representing 
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any one of the first members of the above system by -i^, and 
deriving thence the new independent integrals Ag-^/r, A^yjr,... 
he substitutes an arbitrary function of these for JP in the 
equation 

It is evident that the solution of the partial differential 
equation so found will again be reducible to that of an 
ordinary differential equation between two variables. And 
so the process is carried on till all the equations are satis- 
fied. 

2. The above remarkable process was developed by Jacobi 
in connexion with the theory of non-linear partial differential 
^equations of the first order. In that particular connexion it 
admits of certain reductions tending to diminish the order of 
the differential equations to be integrated. But these do not 
affect the general principle of the method. It was in thid 
special form that the theory of the solution of simultaneous 
linear partial differential equations originated. Jacobi does 
not consider the theory of equations in which the condition 
(2) is not satisfied ; but the language in which he refers to 
the condition shews that he had speculated upon the general 
problem — and it is difficult to conceive that he should have 
meditated upon it and not arrived at its complete solution. 

[The manuscript here gives the first two words of 
the passage from Jacobi's memoir which is quoted in the 
Philosophical Transactions for 1863, page 486.] 
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CHAPTER XXVIL 

OP NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OP THE 

FIRST ORDER. 

1. In treating the present subject we shall first consider, 
that class of non-linear partial dififerential equations of the 
first order which involves two independent variables, and 
then proceed to the general theory. The reason for this 
procedure is that the particular theory, though of course in- 
cluded in the general one, rests upon a somewhat simpler 
basis, and it was in fact developed by the labours of 
Lagrange and Charpit long before the general theory was 
known. The latter we owe to the independent researches 
of Cauchy and Jacobi. 

[Here the manuscript refers to the matter contained in 
Chap. XIV. Arts. 7 to 12 inclusive; and then ^passes on to 
the general theory.] 



General Theory. 

2, Given an equation of the form 

z ^=<p [Xj^, a?2, ••• Xny a^y dj, ••• a^}, 

the number of arbitrary constants a^, a^, ... a^ involved being 
equal to the number of the independent variables a?^, a?,, ... x^, 
we obtain by differentiation and elimination of the constants 
a partial differential equation of the first order. Of this the 
proposed equation is said to constitute a complete primitive. 
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The fonn of the above process which it seems best, as 
throwing li^ht upon the inverse problem of deducing the 
complete primitive from the partisu differential equation, to 
employ, is the following. Iiet the given primitive, solved 
with respect to one of the arbitrary constants a^, be presented 
in the form 

/(a?j, ... x^^ Zy a,, ... aj ^a^ (1). 

Differentiating with respect to each of the independent vari- 
ables we have a system of n equations of the forms 

[ (2). 

^(ajj, ... x^, z,p^f a,, ... an)='0 ) 

These n equations enable us first to eliminate the n — 1 

coni^tants a,, a», and so deduce the partial differential 

equation sought in the form 

j;(a?„...a?n, ^,i?ir — i>n)=0 (3); 

secondly to determine the n — 1 constants as functions of 
a?j, ... a?», ^, jPi, ... Pn ill the forms 



jp; (ojj, ... Xn, z,p,y ... ;?n) =«, 



a 



(4). 



As the system formed of these n — 1 equations, together 
with the previous one, is merely another form of the system 
(2) obtained by directly differentiating the primitive, it follows 
that if from these equations we deduce the values of^^, .../?« 
as ftinctions of a?i, ... a?„, a^,. ... a», and substitute them in the 
equation 

dz=pjdx^+p^dx^+ ...+pndxn (5), 

they will render that equation integrable, and its integral 
will be the complete primitive (1), the constant a^ being re- 
gained by integration. 
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Examining the system (3), (4) we see that the first mem- 
bers of all the equations which it contains are functions of 
a?j, ... ^n* ^> i^i> •••i^n> while the second members are con- 
stants. The question then arises, What mutual connexion j 
exists among these functions in virtue of which they yield I 
values of ^i, ...jPn> which render the equation (5) inte^ 
grable? 

The answer to this question must involve the entire theory 
of the solution of partial differential equations of the first 
order, so far as relates to the determination of a complete 
primitive. Given a partial differential equation of the form 
(3) it is evident that if we can construct a system of associated 
equations (4) possessing the character above described, the 
final value of z obtained by integration of (5) will both 
satisfy the given equation and contain the requisite number 
of arbitrary constants. It does not follow from this that 
it will be the only complete primitive, but it will be a 
complete primitive. 

3. The relation sought is expressed in the following 
Proposition : 

Proposition. If 

represent any two out of a system of n independent equatiom 
such that the values ofp^, ••^Pny thence determined would make 
the equation 

dz -p^dx^ + p^dx^ -f- . . . -{-pndx^ 

integrahUy then the first memhers of these equations being 
represented for simplicity by F and ^, the condition 

,^(fdF^ dF\ d^ . dF /d^ - d^\\\^ 

the summation extending to all values of i, from 1 to n inclusive^ 
mil be satisfied identically. 
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Reciprocally^ if the above condition he satisfied identically 

for ea^h Unary combination of functions in the proposed system 

of eqiuztions, and if these functions be independent, then the 

valtLCs ofp^ y,,, p^y as functions ofx^y ,,,x^y z, which they yield, 

will make the equation 



dz=:p^dx^+p^dx^+ ... -^p^dx^ 



integrable. 



It will be convenient to begin with the particular case in 
'which the proposed equations do not explicitly contain z, the 
particular pair to be considered being represented by 

F{x^, ...x^,p^,...p^=^a, 
^{x^,...x^,p^,...p^) = b. 



Differentiating with respect to Xi, and regarding ^j, ...p^ as 
functions of the independent variables, we have 



dF^dFdp^^^^^dFdp^^^ 
dxi dp^ dxi '" dp^ dxi ' 

d^ J* ^ ^ d^ dpn^^ 

dXi dp^ dXi '" dpn (^i ' 



(6), 



to which we may give the form 

dF _ ^ dF dpj •' 
dxi^ ^ dpj dXi 

^ - «. V ^^ dPi 

dxi " ^ dpj dxi^ 



(7), 



the summation with respect to^ extending from j=\io j—n 
inclusive. 

From the first of equations (7) multiplied by -r- subtract 

1— '^ 
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the second multiplied by -r- , and sum the result with respect 
to i from 1 = 1 to t = w inclusive. We have 

^dF d^ dF d^\ 



^ fd£ d^ _ 
* \dxi dpi 



dp I dxj 



* '\dpj dpi dXi dpi dpj dxJ 

The expression under the double sign of summation in the 
second member vanishes when *=/; we may therefore re- 
strict the summation to unequal values of i and j. Now 
as for any particular combination of values, e.g. 2, 3, there 
would exist in the completed member both the terms cor- 
responding to t = 2, J = 3, and those corresponding to / = 2, 
1*= 3, it is evident that if we employ the symbol Sy to denote 
summation with respect to different combinations of i ^TLdij^ 
the second member of the last equation may be expressed in 
the form 

^ fdF d^ dpj dF d^ dp^ 

*^\djpj dpi dxi dpi djpj dx^ 

dFd^^^dFd^dpA 
dpi dp J dxj dp J dpi dxjj ' 

so that the equation (8) becomes 

^ /dF d^_dF d^\ 
* \dxi dpi dpi dxJ 

^\\dpi dpj dpj dpj\dxj dxj] ^ '* 

The number of terms of which the second member ex- 

W Klfl "^ If 

presses the sum is thus — - , and it will be observed that 



or 
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as to any particular term it makes no difference in what order 
lie numencial values of i and j are assigned to these ^uaii- 
tities; e.g. whether for the combination 2, 3 we make « = 2, 
J = 3, or t = 3, j = 2; but we must confine ourselves to one 
order. 

Now when the equation 

is integrable in the manner here supposed, we have for all 
combinations of i and J, 

dpi _ dpi 
dxj dxi 

All the terms in the second member of (9) therefore vanish, 
and we have 



^ (dF_d^_dFd^\^ 
* \dxi dpi dpi dxJ 



This is the direct form of the Proposition under the parti- 
cular limitation supposed. 

As Fj 4> represent, under the same limitation, any two of 
the first members of the n equations (3), (4), which determine 

;i,...p„, there will exist — ^— — - equations like the. above. 

2 

It is usual to employ for brevity the notation 

^ (dZd^_dFd^\^ 
\\dxi dpi dpi dxJ ^ ^' 

and this being done the above system of equations expresses 
the — ^— — ^ fanctiona of the form [FiF^ as linear homogeneous 

functions of the — - quantities of the form -/; — -/-' . 

It is hence that the vanishing of the latter series of quantities 
secures the vanishing of the former. 

The converse truth will therefore be established by shewing 

that the — ^; — ri quantities of the form -p — -f^ zxa. '^\\k^ 
2 ^ . dxj dXi 



102 



NON-LINEAR PARTIAL DIFFERENTIAL [CH. XXVlI. 



F^y F^y...F^ are independent with respect to p^, ^j, ...jp„ 
expressible as linear homogeneous functions of the — ^-- — - 
functions \F^F^. 

To avoid complexity of expression I shall establish this for 
the particular case of n = 3, and shall shew that the reasoning 
is general. 

The functions F^^F^^F^^ being independent with respect 
to Pi, Pa p^i the determinant 



dF, 


dK 


dF, 


dp,' 


dpi' 


dPs 


dF, 


dF, 


dF, 


dp,' 


dp,' 


dp» 


dF, 


dF, 


dF, 



dp^ ' dp^ ' dp^ 



does not vanish. This determinant we shall denote by A. 

In (9) writing for J?' and <E> first F^ and -Fg, secondly F^ and 
jp'j, thirdly F^ and i^,, we have on changing signs the system 

) + ... 



^ » '-' \dp^ dp^ dp^ dpj\dx^ dx^ 
* ^ \dp^ dp^ dp^ dpj\dx^ dxj 
' ^ \dp^ dp^ dp^ dpj\dx^ dxJ '"J 



y (10). 



Multiply the first equation by -j-^ , the second by ^—^ , the 

dF 

third by -r-^ and add. Then 
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whence as A does not vanish we have, on dividing by it, the 
function -J^- — -~ expressed as a linear homogeneous function 
of [i^.FJ, (f,F^" and \F,F,l 

flW rUP rlW 

In like manner multiplyinff the equations by -^ , -7-^ , -7-^ 

respectively, and dividing by A, we obtain -f-^ — -P^ as a 
similar linear homogeneous function, and lastly, multiplying 
by -^y -j-^y J— % and proceeding as before, we obtain 

^ — -j-^^^ a similar linear homogeneous function. 

From all which it follows that when [F^FJ, [jPgFJ, [F^Fj 
vanish, then 



dx^ dxj 



'8 



dx^^ 



^,' 



dx.. dx. 



will vanish also. 



The reasoning is general in its nature. If i^,, F„ ... F„ 
are independent with regard ^o p^,p^, ...p^, the detenuiiuiiit 



dF. 



dF. 



dpi ' dj). 



dK 
dp,' 



dK 

dpn 



= A 



(11), 



does not vanish* This determinant is from its constitution 
as a determinant linear and homogeneous, not only with 
respect to any row or column of elements, but also with 
respect to the possible binary combinations which can be 
formed of two rows or columns, ternary out of three rows or 
columns, &c. provided th^t these combinations are theipsel,ves 
of the form ot determinants. In the language of the theory 
such combinations are called minor determinants. Hence if 
we construct the sjstem oi equations repieaerLl^9L\s^ VN^^i^^sA 
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observe that the coefficients of anj particular term of the form 

-^— -^ in the several equations form a system of such 

minors to the general determinant (11), it will be plain that 
the equations can bj multiplication and addition be brought 
to a form in which the coefficient of that particular term will 
be A. At the same time the coefficients of all the other 

terms of the form -^ —-y^ will vanish. For a little atten- 

dXj axi 

tion will shew that they will be what the determinant A 
would become on making two of its columns or rows of ele- 
ments equal, and therefore will be identically equal to 0. 

Thus the Proposition is generally established for the case 
in which z does not explicitly appear in the functions 

•^i> J^2> J^n- 

When z does appear in those functions the equations (6) 
will be replaced by 

^+p^+^^. + + ^^ = 

dxi ^^ dz dp^dx^ dp^dxi ' 

<?<E> <?4> <?<& ^ d^ dp^ _ 

dxi ^* dz dpi dxi dp^ dxi "" ' 

from which it is seen that the theorem above established will 
only need to be changed into the form employed in the state- 
ment of the general Proposition. 

As the above is one of the most important propositions in 
the entire theory of Differential Equations, it. may be desire* 
able to illustrate it by examples. 

[There are no examples in the manuscript.} 

4. We resume the general theory. 

The integration of non-linear partial differential equations 
may be effected by two distinct methods^ both resting upon 
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the ground of the above Proposition. The first of these 
methods, originaUj established hy a different analysis from 
that which will here be employed, was discovered by Cauchy 
{Exercicea d^ Analyse) ^ and rediscovered by Jacobi {CreWs 
Journal). The second method, discovered by Jacobi at a 
later, period, forms the subject of his posthumous memoir^ 
Nova Methodtis 



Cauchifs Method. 

We will;, as before, begin with the case in which z does 
not appear explicitly in the proposed partial differential equa- 
tion, which we shall, represent in the lorm 

-^iK, ^^Pxy i^) = 0)- 

We have seen that to find a complete primitive of the 
equation it is necessary and sufficient to construct a series of 
equations 



...(2), 



such that not only shall the conditions 

[i^.i^J-0, Ki^J-0..,....,. (3X 

connecting the new functions -F,, -F„ with F^^ be identi- 
cally satisfied^ but also the series of conditions 

\kf;\=^ (4), 

F^ and F^ representing any two of the new functions re- 
ferred to. 

The first of the above series of conditions amounts to 
this, that i^, F^ must be integrals of the partial differen- 
tial equation 

[i^.F] = V^V 
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It is the peculiar aim of Caucliy's method to determine the 
integrals so as to cause the second series of conditions to be 
satisfied also. And it is shewn that this will be attained if 
the integrals of (5), which form the first members of (2), are 
such that the particular values which »j, ....j?^^ assume when 
00^ is made to receive any constant value, as 0, ate difi^erential 

coefficients with respect to a?^, x^^ of any single function 

of those variables, the form of which may be arbitrarily 
assigned. 

The necessity of this, condition is obvious. If the general 

values o( jp^, p^ are differential coeflScients of a function z 

with respect to x^, x^, then the particular forms which 

j9j, jp^^ assume when a?^ receives any constant value are 

simply differential coefficients with respect to x, x,^ of 

whsitz becomes under the same circumstances. To prove its 
sufficiency we must shew that. when, it is^ satisfied the condi- 
tions represented by (4) will be satisfied also. 

. Since F^ and Ff, are integrals of [F^P] = 0, 

[i^,i^J = 0, [F,F,]^0 (6). 

Also, since if in (I) and (2) we give to x^ a particular con- 
stant value, as 0, and then in (2) regard ^„ as a function of 

ajj, ..... a;^j, J^i>**»*«Pn-i 

determined by (1), the system (2) will virtually contain only 

of which ©J, j)^^ are differential coefficients of a single 

function with respect to x^, x„_^, it follows from the pro- 
position of Art. 3, that any two functions F^ and F^ will 
satisfy mutually the condition 

*~^ \dxi dpi dp^ dxj ' 
the differentiations having reference to 
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explicitly as they appear in F^ and i^j, and implicitly as 
involved in^«. Thus the developed form of the above equa- 
tion is 



2^: 



<=«_! WdF^ _^ dF, ap^\ fdF\, ^ dF\, ^\ 



_ fdK ^ dF, ^\ /dF, ^ dj\, dpj\ ^ ^ 
\dpi dp, dp J \dxi dp, dxj) ' 

the fonnjs of ->-" and -A being determined from (1). 

Performing the multiplications, the above equations will be 
reduced to the form 



^"^ \dxi ^ dpi dxJ 



. dK 

+ 



dp 



, *~^ \dxi dpi dpi dxJ 



_ dF\ ^i=„»i fdp^ dF^^dp^ dFy ^ ^ . . 
dp^ ^"^ \dxi dpi dpi dXiJ ""^ 

But from the form of the total differential of (1) we see that 

• dF, dF[ 

dx, dF\' dpi dF\' 
dpn dp^ 

Hence 

^i=fL-\ fdpn dK _ ^ dFA 
^"^ \dxi dpi dpi dxJ 

\dpj *"^ \d3C^ dp^ dpv d.xO 
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Now since by Art. 3 

*""^\dxi dpi dpi dxj ' 
we have 



*=^ \dxi dpi dpi docj] 



\dx^ dp^ dp^ dxJ' 



therefore 



w=n,i flPn dF, ^ dp, dFy 
^^^ \dXi dpi dpi dxJ 



Vrfp„y \dx, dp, dp, dxJ ' 



In the same way 



^i=n-i(dPnd]^_^dF^\ 
*-^ \dxi dp^ dpi dxJ} 



\dpj \dx, dp, dp, dxJ * 



The snhstitution of these values in (7) gives 



^i^n^ifdFg d]E\^dF^ dFA 
^^^ \dxi dpi dpi dXiJ 



fdFX' [dja fdF^ dF\ _ dF, dFA 
\dpj [dpn \dx, dp, dp, dx,) 

_dK fdF, dK _dj\ d^^^ 
dpn \dxn dp, dp, dx,)} ' 
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or 



or 



**^ \dXi dj>i dpi dxj 

dF^ dB\ ^ dE\ dl\ __ ^ 
d^n dp^ dp^ dx^ ' 

*=^ \dxi dpi dpi dxJ ' 



which is precisely the equation 

[KF,] = 0. 

We see therefore that to solve the partial differential 
equation 

F,{x, x,,p^, i>0 = 0, 

it is only necessary to construct the linear partial differential 
equation- 

^i.n(dF,'dP_dF\dP\_^ 

^*=^Vda?, dpi dp, dxj'^' 

and to obtain n - 1 independent integrals of this 



such that if we determine from these conjoined with the given 

equation the values of Pi,....j?^, then those ofp^, p^. 

shall, when x^ is made constant, be the partial differential 

coeflScients of one and the same function of a?^, x^y^ with 

respect to these variables in succession. 

Now provided that we can find all the integrals of the 
above partial differential equation the particular determination 
required may be effected in the following manner. 

The Lagrangean auxiliary system consists of Sw — 1 ordi- 
nary differential equations 

\- '-^rk- -k <"• 

dp^ dp^ dx^ dx« 
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These admit of 2n — 1 integrals, one of which will be -P^ = c, ; 
and this will agree with the given equation if we make c- = 0. 
We have therefore, besides the particular integral i^=0, 
2w — 2 integrals of the form 

(9). 

Now suppose it required to find a value of £; as a function 
of a;^, ...a;„, which shall satisfy the given partial differential 
equation, and shall reduce when a?, = (or any numerical con- 
stant) to a particular given function of x^, ...a;„_i, which we 
will represent by '^(a?,, ... a?„_J. Then on the assumption 
that x^ = 0, we have first the given equation 

« = i^(a?,,...ar^J (10), 

secondly the derived equations 



_ dyjr(x^,,..x^_^) ^ 
^^"" d^ 



_ dylr(x^,...x„_^) 
^*-^ "" dx. 



(11). 



'«-i 



Make in the 2n — 1 integrals a?„ = 0, and suppose at the 
same time x^^ ... a?^^, p^, ...p«.i to receive therem the same 
values as in the above derived equations. Then from the 
3n— 2 particular equations which we thus possess in the two 
systems united (particular because imder the assumption that 
^n=0), we can eliminate the 2n — 1 particular values of 
a?j, ...x^^, 2V"i^iu-i» *^^ ®^ obtain n — 1 equations among the 
constants. These express the conditions which are necessary 
and sufficient in order that the values of ^^ , ... p^^^ thus derived 
from the integral equations may, when a?^ = 0, a^ee with the 
values assigned in (11). Accordingly if we substitute in these 
equations of condition for c,, . . .c,^i the general values ^^ , . . .^4„_i 
we shall obtain n — 1 equations between a?j, ... a:^, j9j, ...^«, 
which will at once be particular integrals of the system (8), 
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and will possess the property that the values ofp^,,, ,p^^ which 
they in conjunction with -Fj = give will when a;„ = reduce 
to the values given in (11). Hence these values with that of 
p^ derived from the same equation will make 

dz — p^ dx^ ~ — ^^ dx^ = 

an exact differential equation. In the integral of this it will 
only remain to determine the constant so as to make the value 
of z agree with that given in (10). All the conditions will 
then be satisfied. 

We may collect the results of the above investigation into 
the following Kule : 

To obtain an expression for is; as a function of the inde- 
pendent variables x^^ ...a?n, which shall satisfy the partial 
differential equation 

F{x^, ... a?„, ^j, ...p^ = 0, 

and shall when x^ is made equal to (or to any numerical 
value) reduce to a given function of a?j, ... x^^, which we will 
represent by '^ (a?^, ... a?^J. 

Kule. Construct the linear partial differential equation 

^..^fdF dP dF dP\ ^ 
V* - ^ ( j = 

^''^\dxi dpi dpi dxi) ' 

and forming its auxiliary Lagrangean system deduce its in- 
tegrals 

in addition to the known particular integral JP= 0. 

Between the above integrals and the equations 

dt^|r(a7i, ... arn 1) dyjr( xi,.,. x^ ^ 



'n-l 



eliminate, after making ar, = 0, the quantities 

: a?j, •••3^n-i) Pi^ ••'>Pn-Y» 
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In the resulting n — 1 equations replace 

and we shall have a system of equations which with F^ 
will determine values oijp^^ •••i?n> which will render 

an exact differential. The integration of this will give the 
integral sought. 

In the case in which the given partial differential equation 
is of the form 

F{xi,,..x^j z, pij ...^J = 0, 
z being contained explicitly, the linear equation to be solved is 
^.^^(fdF dF\dP dF(dP dF\\ ^ 

and the argument by which it is shewn that the integrals of 
this to be employed in conjunction with F=^ for the deter- 
mination of ;t?j, ... /?^ need only be so conditioned as to make 
Pi> •••/^n-i differential coefficients of one and the same function 
of x^^.,.x^^ when a;„=0 is in character the same as that 
already developed in the present Article. It is only necessary 

to substitute in its exposition -^ +pi -j- for -r- , and so 

for the other functions. 

But as the auxiliary system 

dx^ _ dx^ dz 



7^ "r^"!7"^I I ^ 

dp, dp, ^'dp, - P^dp, 

dPt dPn f.ci\ 

= dP ^'41 ""' = ^^ 4f (^^^ 

dx.'^^'dz dx^'^^'^dz 

virtually includes the equation 

dz —p^dx, — . .. —p^dx, = 0, 
the ultimate expression of the Eule will be as follows : 



ABT. 5.] EQUATIONS OF THE FIRST OBDEB* 113 

To obtain an expression for « as a function of a?j, ... a?„ 
which shall satisfy tne equation 

and shall when x^ is made equal to (or to any particular 
constant value) reduce to a given function '^ (a?j, ... x^^ of 
the independent variables a?^, ... x^^. 

BuLE. Let 

be the 2n — 1 integrals of the auxiliary system (12) which are 
additional to the particular integral i^= 0. Make in these 2n 
equations o^n = and forming the further equations 

rf\^(aj,, ... a?n_i) 



i>i= 



dx^ 



^ dyftjx^, ... x^i) 
dx^ji 



eliminate the 2n quantities x^^ ... x^^y ^^ Pn ••• i>n« We thus 
obtain n equations among the constants c^,,.,c^. 

Substitute in these equations <j>^ for Cjj, ... tp^ for 0,^, and 
we have n equations connecting a;^, ...«?«, 2, ^j,...^^, from 
which with the aid of the given equation p^, ... p^ may be 
eliminated, and there will result a single equation connecting 
iCp ... a;» with z. This is the integral sought. 

[It appears from the manuscript that an example was to 
have been supplied here.] 

5. Cauchy's method is evidently a general one. But its 
generality is not of the same kind as that which belongs 
to Lagrange's solution of linear partial differential equations. 
It conducts us, not to a form embracing e,\^x^ :^<i^'si^R. 

B,D.R IL ^ 
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solution, but to a system of results from which every possible 
solution may be derived, by arbitrarily varying the form of 
the function which expresses the initial state of the dependent 
variable, that is the value of z wlien ic„ = 0, and then per- 
forming certain eliminations. To obtain a complete primi- 
tive we should only have to assume as the form of z when 
x^^O a function of the variables a: , ... x^^ involving n 
independent constants. The form of this function is arbitrary. 
Each distinct determination of it under the conditions leads 
to a distinct complete primitive. The number of such com- 
plete primitives is infinite. 

There are some most important problems in which the 
knowledge of a single complete primitive is all that is re- 
quired. For this purpose the method of Jacobi which we 
shall now give may be employed. 



JdcoWs Last Method. 

6. Supposing z to be not explicitly involved in the given 
partial differential equation 

F^ix^, ... arn,i?i,i?n) = 0, 

which we shall as before represent by F^ = 0, the problem of 
the discovery of a complete primitive consists in the finding 
of w — 1 equations 

^2=«2> ^« = ««> 

such that between any two functions jRjPJ the relation 

[i^i^>]=0 (1) 

shall be identically satisfied. The values oip^^ '^ Pn deduced 
from the equations, by rendering 

dz "P^dx^ — ... —pndx^=^ 

integrable lead us to the complete primitive expressed by its 
integral. 
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Now the idea upon which Jacobi's later methods rest is 
that of directly solving the diflferent systems of linear partial 
differential equations flowing from the general condition (1), 
not of solving, as in Cauchy's method, one of those equations 
and then limiting that solution by conditions which virtually 
involve the satisfaction of the others. 

It is evident that the entire series of — ^^ conditions 

2 

(1) will be satisfied if we determine F^ to satisfy the single 

equation 

then F^ to satisfy the system of two simultaneous partial 
differential equations 

then F^ to satisfy the system of three simultaneous partial 
differential equations 

[f,f;\=o, [i^^j=o, [F,i^j=o, 

and so on, until finally F^ is determined by the solution of 
the 'system of w— 1 partial differential equations 

\f,f:\ = 0, \F^:\ = [i^^.Fj = 0. 

Now all these are particular cases of the general problem 
of determining a function P which shall satisfy simultaneously 
the equations 

[F,P] = 0, [i^.P] = 0, [i^„P] = 0. (2) 

-Fj, ij, ... F^ being given functions between each pair of 
which the equation 

is identically satisfied. Here P will represent in succession 
the series i^,, JPg, ... F^. 

The given system is one of homogeneous linear partial 
differential equations. It belongs to tne da^^ ol ^^^\fc\xv^ ^5cifc 
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general theory of which is discussed in Chap. XXYI. But it 
is not necessary to apply the theory in its general form. We 
need only a single integral ; for a single value of each of the 
functions jP,, j^, ..• i^ suffices in combination with the given 
value of t\ for the determination of a complete primitive. 
Now it may be shewn that the system is oi the class dis- 
cussed in Chapter xxvi. If expressed symbolically in tiie 
form 

A,P=30, A,P=0,...A^ = 0, 
the condition 

(AA-AA)P=o, 

will be identically satisfied. Hence Jacobi's method for the 
treatment of systems of this kind may be applied. 

That the system is of the kind asserted is a consequence of 
the following proposition. 

Proposition. If the equations 

[wP]=0, [t;P] = 

are expressed in the symbolic form 

AP=0, A'P=0, 

then the derived equation 

(AA'-A'A)P=0 (3), 

will be equivalent to 



\[uv\ P I = 0. 
For A = ^T (-— — - — — ") 



"" *"^ \dxi dpi dpi dxJ ' 
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Hence since -y- is the coefficient of -j- in A'P, and -;— 

dxj ctpj dXj 

its coefficient in AP, its co efficient in the derivedequation (3) 

will be (Chap. xxv. Art. 5), 



or 



or 



w=» (du d\ ^ du d^v _ dv^ d\ t^ d'u \ 
^^ \dxi dj[>idxj dpi dx^dxi dxi dpidx^ ^ dxidxj^ 



dx, 



^t*nfdu dv du dv \ 
f^ ^"^ \clxi Hp^ dpi dxJ ' 



In like manner the coefficient of -y- is 

aXj 

H»ce(AA.-A-A,P.^(^|-lW|) 

whence the Proposition is established. 

Applying this to the system (2) we see that any derived 
equation will be of the form 

But \FiF^ = by the conditions given ; hence the condi- 
tion (A^Ay— AyA^) P = 0, is identically satisfied. 

The results of Chapter xxvi. being thus directly applicable 
to the system under consideration, we see that a comsMsv^ 
integral of the syBtem (2) may be found "by ^ ^^xv.^ ^l i^i^ki- 
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nate processes of integration and derivation. We begin by 
seeking an integral of the first partial differential equation. 
By a process of derivation, always possible, followed by the 
integration of a difierential equation between two variables, 
we arrive at a common integral of the first two partial diffe- 
rential equations. Again, by a process of derivation followed 
by the solution of a differential equation we obtain a common 
integral of the first three partial differential equations. And 
so on, until a common integral of all is obtained. 

7. Another solution of the above problem has recently 
been given. Beginning as in Jacobi's method by finding an 
integral of the first partial differential equation, a process of 
derivation agreeing in principle with Jacobi's, only more 
extended, may lead us without further integration to a point 
at which the discovery of a common integral of the entire 
system will depend only upon the solution of a single diffe- 
rential equation of the first order susceptible of being made 
integrable by a factor. Failing this, it will enable us to 
convert the given system of partial differential equations into 
a new system possessing the same general character, but con- 
taining one equation less. Upon this the same process may 
be tried with a similar final alternative — and so on till the 
required integral is discovered. {On the Differential Equa- 
tions of Dynamics. Philosophical Transactions ^ 1863). 
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CHAPTER XXVIII. 



PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND 0KDI:R. 



[This Chapter is a reconstruction on a larger scale of part 
of Chapter xv. At the end of the Chapter reference will 
be given to other writings of Professor Boole on the subject 
here discussed.] 

1. The general form of a partial differential equation of 
the second order is 

F{x, y, z, p, q, r, 8,t)=^0 .;• (1), 

where 

_dz ^dz _ dh __ d'z _ d^z 

^"^' ^"^' """^^ ^'d^df df' 

It is only in particular cases that the equation admits of 
integration, and the most important is that in which the 
differential coefficients of the second order present them- 
selves only in the first degree ; the equation thus assuming 
the form 

Rr-\-S8+Tt^V (2), 

in which R^ 8, T, and V are functions of Xj y, z, p and q. 

The most important part of the theory of the solution of 
this equation is due to Monge, and was extended by Ampfere 
to the more general equation 

J?rH->&H-r({+tr(8*-rt^ = V ^^V 
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This equation, together with the particular equation fi 
Monge, and the equation 

-Br + )& + 21+ Z7(a«-. rO =0, 

both which though falling under Amp^re^s general form 
possess peculiarities demanding special notice, I propose to 
consider in this Chapter. 1 shall in conclusion make some 
observations on the theory of partial differential equations of 
the second order with more than two independent variables. 

Mouse's method, and Ampere's in so far as it is an exten- 
sion of Monge's, consists in a certain procedure for discovering 
either one or two first integrals of the form 

t^=/W w, 

u and V being determinate functions of x,y, z, p, and q ; and 
/ being an arbitrary functional symbol. From these first in- 
tegrals, singly or in combination, the second integral involving 
two arbitrary functions is obtained by a subsequent inte- 
gration. 

Now this procedure involves the assumption that the pro- 
posed equation admits of a first integral of the form (4). But 
such is not always the case. There exist primitive equations 
involving two arbitrary functions, from wnich by proceeding 
to a second differentiation both functions may be eliminated 
and an equation of the form (2) obtained, but from which it 
is impossible to eliminate one function only so as to lead to an 
intermediate equation of the form (4). Especially this hap- 
pens if the primitive involve an arbitrary function and its 
derived function together. Thus the primitive 

-? = <^ (y + a?) + -^ (y - a?) - a? {^' (y + a?) - '^' (y - a?) } . . . (5) , 
leads to the partial differential equation of the second order 

r-* = ^ (6), 

X ^ 

but not through an intermediate equation of the form (4). 

It is necessary therefore, not only to consider the case in 
which the assumed condition is satisfied, but also to notice 
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what has been done in those cases which do not at present 
£dl under the dominion of any known method. 



Genesis of the EquaUan. 

2. Prop. I. A partial differential equation of' the first 
order of the form u ='f{v)j or its symmetrical equivalent^ 

F{u,v)^0, 

in which u and v are any Junctions of a?, y, z, ^, y, always 
leads to a partial differential equation of the form 

Br+8s+ Tt+Uis^'-rt) = V. 

For, differentiating the proposed first integral with respect to 
a?, and with respect to y, we have 



dF/du du du du \ 
du \dx dz^ dp dq J 



dF/dv dv dv ^^ ^ _ r. 
dv \dx dz^ dp dq J" ^ 



dF (du du du du \ 
du \dy dz^ dp dq J 



dF/dv dv dv ,<^vA_^ 

dv \dy dz^ dp dq ) '^ ' 

For brevity, write 

/du\ J. du du , /du\ j, du ^ du 

and then eliminating 

dF dF 

du' dv' 
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we have 

Kdu\ dii du ] {fdv\ dv dv.\ 

{fdu\ du du) {fdv\ ■ dv dv ] 

which, on effecting the multiplication, gives 

!du (dv\ fdu\ dv \ 
dp \dyj \dyj dp] 

(fdu\ dv_du rdv\ _ /du\ dv du /dv\] ^ 
'^{[^Jdp dp\dxj \dy)dq dq\dy)) 

jfdu\ dv _^du (dv\\ 
'^\[di)d^''d'q\dx)} 

/du dv du dv\ . , . 
\dq dp dp dq) ^ 



-(i)(i)-©(l) •■••(')■ 



\ 



a result which, since u and v are by hypothesis given func- 
tions of Xy y, Zy p, 2', is seen to be a particular case of the 
general form (3). 

We may hence deduce also the conditions under which 
particular forms included in the general form (3) arise. Thus, 
in order that the equation u =/(v) may give rise to a par- 
tial differential equation of the second order of Monge's form 

-Br + /& + T/ = F, 

it is necessary that the condition 

du dv du dv ^ 
dq dp dp dq 

should be identically satisfied. This requires, by Chap. ii. 
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Art 1, that u and v, considered as functions of p and y, should 
not be independent. 

3. The geometrical relations of the equation (3) are also 
remarkable. It may in particular be shewn that an equation 
of this form will be satisfied by the equation of any surface 
which constitutes the envelope of any system of surfaces 
formed by the variation of three parameters in subjection 
to two arbitrary conditions. For let the common equation of 
the enveloped surfaces be 

^=/(^.y>«?^c) (8), 

the parameters a, 5, c varying in subjection to the conditions 

^1 («j *, c) = 0, ^, (a, 5, c) = 0, 

conditions which, determining h and c as functions of a, may 
be reduced to the form 

& = ^(a), c = ^{a) (9). 

Now the values of p and q being the same for any point 
in the envelope as for the same point in the generating surface, 
we have for all such points • 

df{x, y. a. h. c) __ df{x,y,a,b,c) . > 

^ cte ' ^ d^ ^^^'- 

These two equations in conjunction with (9) enable us to 
determine a, h, c as functions of x, y, z, p, q. Let these 
values be 

Then substituting in (9) we have 

equations which hold for all such points. These are then the 
partial differential equations of the first order of the envelope. 

Now each of these equations is of the general form (4) ; 
whence by Prop. i. the partial differential equation of the 
second oraer is of the form (3), as was to \i^ "^XQ^^fti* 
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Let US actoallj construct this equation. 

Differentiating the first of the ec[uations (10) with respect 
to X and to y, and regarding therein a as a function of those 
variables, and b and c as functions of a, we have 

dx* \dadx dbdxda dcdxdaj dx* 

s^ ^y \(^*f ^'f ^ dy de\da 
dxdy \dadx dbdx da dcdx da) dy ' 

from which we readily derive 

/ d\f\da / ^y ^^^o 
\ da? ) dy \ docdy) dx 

Proceeding in the same way with the second equation of 
the system (10) we have 

\ dxdy) dy \ dy^ ) dx 
Hence, eliminating -r- and ^ , we have 

(-^y-('-i)('-^- 

dj^ dxdy da? dj? dy* \dxdy) * 

the equation sought. 

Comparing this with the general form (3) we have the equa- 
tions 

dy^ dxdy daf 1 da? di^ \dxdy) 
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whence .«.i.«^ %. %, ^ ^ we ^ve .. ^ 

equatiou, 

This then is the condition which must be satisfied in order 
that the equation (3) may admit of an integral representing 
the envelope of a system of surfaces in which three parameters 
vary in subjection to two connecting conditions. It is only 
proved however to be a necessary^ not to be a sufficient^ con- 
dition. 



Solution of the equation Rr + Ss'\-Tt+ U{8* — rt) = F, when 
a first integral of me form F{u, v) = 0, exists. 

4. In the following sections we propose 

1st. To shew that when a first integral of the above form 
exists, its discovery depends upon the solution of two simul- 
taneous partial difierential equations of the first order re- 
solvable into linear equations. 

2ndly. To shew how from such first integral or integrals 
the second integral is to be obtained. 

Prop. ii. J^ the equation 

Rr+Ss+Tt+U{s''''rt)=V 

admit of a first integral of the form F{u, v) =0, in which u 
and V are functions ofx, y, z,p, q, then will F{u, v) considered 
as a function ofx, y, z, p, q, and represented as such for brevity 
by F satisfy the two partial differential equations of the first 
ordeTf 



dF\ 
dy) 



\dx) dq \dy ) dp \dx)\ 

ydFdF 
dp dq ^ 
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B 



(dF^^_,dFdF^^ 



dg_ dp 



(f)' 



+ 



^{(S)f+(f^)f}=«' 



in which 



(dF\_dF dF (dF\^dF dF 
[^dx/^dx -^ dz^ \dy ) dy ^ dz ' 



Regarding the function F in the proposed integral F= 
simply as a function of a?, y, z, p, q, we have 



fdF\ dF dF 



-\ 



dp 
dF 



dq 

dF 



= 



/dF\ dF^ ^t = 
\dy ) dp^ dq 



y 



(11). 



On the other hand, regarding i^ as a function of cc, y, «, p, g', 
mediately through u and v, we have the system 



da\dF 
dg[ J dv 



du \\dx) dp 



dF(/du\ du du I dF 
du \\dyj dp dq ) dv 



'dv\ dv ,dv 

^dx) dp dq 

'dv\ dv dv 

4yl dp^ dq ^ 



= 0, 



= 0, 



M12), 



J 



and these systems are equivalent. 

Now if from the second of these systems we eliminate -y- 

dF 
and -r- , we obtain (Art. 2), a result which must be equiva- 
lent to the proposed partial differential equation, 

iir + i&+r«+Z7(5«-rO = F (13). 

This equation then considered as a relation between r, 5, t, 
must be an algebraical consequence of the relations (12), and 
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therefore of the equations (11). If then we determine alge- 
braically two of the quantities r, s, t, (we select r, t) from the 
system, and substitute their values in (13), that equation 
ought to be satisfied independently of the value of the re- 
maining quantity s. Now supposing « and a to be both con- 

tamed m F, so that neither -j- nor ,— vanish, we have 

from (11), 



r = — 



(dF\ dF^ 
\ dx) dq 

dF 

dp 



___\dy 



\dv) 



dF 
dp 



substituting which in (13) there results 
\dLx I dq \dy J dp \dx 




dF 
dq 



dF\ ydF dF 
dy ) dp dq 



+ 






dq) 



dq dp 

(dF\dF 



[dp 



\dx) dp \dy ) dq) 



0....(14). 



Now as this equation is to be satisfied in virtue of the con- 
stitution of i?, 8, T, U, F, and the function F, and indepen- 
dently of s, both the coefficient of s and the absolute term not 
containing 8 must be separately equated to 0. Thus F con- 
sidered as a function of x, y, z, p, q, and containing p, q, at 
least must satisfy the partial differential equations 



\dx J dq \dy ) dp 



~\ 



'dF\ (dF\ 



dF dF 



TT {—] (—\ V— — - 
\dx J \dy J dp dq 



Br^)'-8^j:^+Tf^S\' 



V 



'dFV 
\dq) 



dp dq \dp J 

jj{(dF\dF_^(dF\dF\^ 
\\dx J dp \dy 1 dq^) 



(15). 
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This result may also be established by forming the equH 
tions of condition which express the propcwrtionality of 
By S, ...V, to the corresponding quantities in tne constructed 
equation (7). From these equations of condition it is actually 
possible to eliminate in two distinct ways the quantitiea 

l-r-j , [ — j , -7- , -j- 9 the result being the formation of two 

partial differential equations for u agreeing in form with those 
above given for F. (See the memoir Ueber die partielle Dife- 
rentialgleichung , . , Crelle's Journal, Vol. 61.) The actual 
transition from the former to the latter rests upon the con- 
sideration that the equation F (u, v) = 0, when F is arbitrary, 
is not really less general than tne form ^ {F{u, v), v]== 0, m 
which the <I> is arbitrary. And here u has been replaced by 
F{u,v). 

The only condition respecting the application of the above 
equations is that we do not aimit any relations which make 

either -7— or -y- to vanish. 
cCp aq 

5. Prop, hi. The solution of the system of partial diffe- 
rential equations established in the last proposition may in all 
cases he made to depend upon that of simultaneous linear partial 
differential equations of the first order. 

In demonstrating this proposition we shall consider first 
the case in which ^7= 0, then the case in which F= 0, lastly 
the case in which neither of these quantities vanishes. The 
ground of this division will appear in the investigation. 

Case 1. Suppose Z7= 0. The equation then is of Monge's 
form, 

Br^Ss-^-Tt^V. 
The second equation of the system (15) becomes 

n f^V -8^- ^+ rf-V= 

\dq J dp dq \dp J ' 
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and therefore breaks np into the equations 

^-m — = — -m ^- = 
dq ^dp ^ dq ^ dp ' 

m^ and m^ being the roots of the quadratic equation 

Rm^-Sm-JtT^O (16). 

As each of the above constituent equations is of the form 

dF^ dF 
dq djp ' 

the system (15) may be reduced to the form 

Rm (^ — T (^ — + Vm^ — = 
\dx J dp \dy J dp dp dp 

which breaks up into the equations 

dF ^ ^ (dF\ . ^/e?F\ ^ ^ dF ^ 
dp \dxj \dy J dp 

The former of these we must reject (Art. 4). There re- 
mains for the determination of F the system of linear partial 
differential equations 



(17), 



dF dF ^^ 

-y m-j- =0 

dq dp 

and there will exist either one or two systems included under 
this form, according as the roots of the quadratic (16) are 
equal or unequal. 

B.D.E. II. ^ 
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Case II. Let V^O. The system (15) then becomes 
\dx) dq \dy)dp \dx)\dy)^ ' 

\dqj dq dp \dp J 

\\dxjdp [dy/'dq)" 

Eliminate V"bj multiplying the first equation by 

fdF\ dF fdF\ dF 
\dx) dp^\dy) dg^' 

the second by 

'dF\ fdF\ 
4x)\dy)' 



(; 



and subtracting; we obtain, after rejection of the common 

factor -J- -J- , 
dp dq 

\dx) \dx/\dy) \dy ) ~~ 

We shall put this equation in the place of the second equa- 
tion of the system. This we are permitted to do under the 
restriction that in seeking to satisfy the system so changed 
we do not make use of any relations which would cause either 
of the two factors employed in the process of elimination to 
vanish or become infinite. 

The new equation reduces to one equation, or breaks up 
into two equations of the form 

©-(D- (-). 

m being determined by the quadratic equation 
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Making (;t-) = w (77") ^^ ^® ^* equation of the system 
(15), we get 

which breaks np into 

But if we combine the first of these with (18), we obtain • 

.(f)=«; ^O-O' . 

and this combination causing both the factors employed in 
the elimination of U to vanish must be rejectea. There 
remains then the combination 



^dF\ /dF\ ^ 
mi-T— I = 



\dxj 



\dyj 



(19), 



„ dF^rpdF^^ (dF\ 

and this will represent either one ot two systems of equations 
according as the quadratic determining m has equal or un- 
equal roots. 

Case III. Let neither Z7= nor F= 0. 

Multiply the second equation of the system (15) by an 
indeterminate quantity Z, and add to the first ; then we have 



^'(f)'-"(f)'-Kg)(D 



\dx) dp \dy J dp 



+ 



\dy J ctq \ax J (zq 



*(''-«5ff-« -^^^^ 
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We shall enquire whether it is possible so to determine I 
as to resolve this into linear factors. 

We might investigate this by resolving the equation as 

JJ Tfi /J IP 

a quadratic with respect to -y- or -3—. But the form of 
the equation suggests what the forms of the linear factors 
must be if the resolution be possible. For as the squares of ^ 

and -T- both appear, and these squares alone, in the fiinc- 

dw aw 

tion to be resolved, it is clear that -7- and 1— will be the 

dq^ dp 

only differential coeflScients of F which will appear in both 

linear factors in common. The most general supposition 

possible is then that one factor shall contain 1- and -rr- with 
^ dg[ dp 

( — ) , the other the same with ( ;r- ) . 

Assuming then one factor to be of the form 

dF dF fdF^ 



idF dF /dF\ 
dq^ dp. \dxj* 



it is seen from the form of the coefficients of the first three 
terms of (20) that the other factor must be of the form 



dq m dp n \dy J ^ 
and the resolved form of (20) must be 

\ dq m dp n \dy ))\ dq dp \cLx)) 

Multiplying out and equating coefficients, we obtain the 
conditions 
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Tin 






T= — 
n ' 

n 

TJ} 
m 



The third and fourth of these conditions are equivalent, 
and give /i = l. The first and second are also equivalent, 

T 

and give m = yv. These values reduce the last equation of 

condition to 

so that I is determined by a quadratic. The resolved form 
of equation (20) now becomes 

To these results we may give a somewhat simpler form by 
making Ul=m; not the m used above. We have then as 
the quadratic for determining m, 

m^+Sm + RT-UV^O (21), 

and as the resolved form of (20), 
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Let Wj and m, be the values of m. Then we have from the 
last the two distinct equations 

and it is evident that these will be together equivalent to the 
equations (15) from which they were derived. 

Now to satisfy these equations simultaneously it is neces- 
sary that we should equate to one linear factor from each of 
their first members. If we equate to the first linear factors, 
we have 

dF dF (dF\_ 



dF dF 
d^ *dp 

whence, hy subtraction, 



iJ»^ + ..- + £,(!).„. 



This combination must therefore be rejected (Art. 4). For 
the same reason must the combination formed by equating to 
the second linear factors in the left-hand members of the 
above two equations be rejected. There remains then only 
the combinations formed by equating to the first factor of 
one of these members, and the second of the other. 

Thus we should have the combination 

i.dF dF (dF\ ^^ 



dF . rr^F . TjfdFK ^ 



V 



(22), 
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with the combination which would be obtained from this by 
interchanging m^ and m^. 

6. It results from tlie foregoing investigations that the 
function F is in all cases to be determined by the solution of 
two simultaneous linear partial differential equations with 
five independent variables. Now the theory developed in 
Chapter xxv. shews that the number of integrals of such a 
system cannot exceed three. That theory enables us both to 
determine what the number of integrals is, and to construct 
the system of ordinary differential equations, reducible to the 
exact form, upon which their discovery depends. 

We have seen that the knowledge of two integrals t* = a, 
t7 = & of the system enables us to construct a general first 
integral ^ ^ 

of the partial differential equation (3). And the solution of 
this first integral would lead us to the second integral which 
is the final object sought. But the direct solving of a partial 
differential equation of the first order which is not linear and 
which involves in its actual expression an arbitrary function 
is difficult, and happilv it may be avoided here. The fol- 
lowing propositions will enable us to accomplish the virtual 
solution by a different solution, founded however upon the 
same general principles. 

7. Prop. iv. The integrals of the respective systems of 
simuUaneoiLS linear partial differential equations upon which 
the determination of F depends are so relMed that ijjrom two 
siich respective integrals the values of p and j are determined, 
they will render the equation 

dz=pdx + qdy 

integrable. And in the particular case in which the two systems 
become identical^ any two integrals of the system stand m tli^ 
same relation* 
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For, let 4> be an integral of the system (22), and "9 an 
integral of the associated system obtained by interchangmg 
m. and m, in the case in which these quantities are different. 
Tnen 4> satisfies the equations 

and '9 satisfies the equations 

« 

But the necessary and sufficient condition in order that the 
values of ^ and q derived firom the equations <E> = 0, "^^ = 0, 
may render dz —pdx — qdy integrable, is 



\dxj dp dp \dx) 



-(f)?-f(^=» (-> 



See Chap. xiv. Art. 11, Equation (36). 

Now if from the previous equations we determine the values 
of 

fd^\ fd^\ /d^ /d^ 






rfO\ fd^\ fd^ /<f9\ 
dxj' \dy)' [dxj' \dy)' 



and substitute them in the above equation of condition it will 
be identically satisfied. 
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The determination of (-r-) > ••• from the previous systems 

requires that U should not vanish. Hence the proposition is 
established except in the case of 27=0, which is left doubtful. 

To examine this case let us revert to the system (17) which 
is proper to it. To that system since 

whence Bm^rn^ = T^ 

we may give the form 

dF dF ^ (dF\ , (dF\ V dF ^ 

or the form obtained from this by interchanging w, and m^. 

Substituting in these respective forms 4> and '9 in succes-^ 
sion for F, we find 

d^_ d^ fd^\_ f(^\ V d^ 

dq ""^^ dp ' \dx) " "^^ \dy)^R dp ' 

d^_ d^ /^-^ (^ Z^ 
dq'^'^'dp' \dx)^'^'^'\dyj R dp ' 

and these values substituted in (23) reduce it to an identity. 
Thus the proposition is established generally. 

Lastly, as in the case in which the two roots of the quad- 
ratiQ for determining m are equal, the two systems of partial 
differential equations for determining <I> and "^ become one, it 
follows that if from two integrals of that one system we can 
deduce values of ^ and j these values will render the equation 

dz^pdx^qdy=:0 
integrable. 
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8. Pkop. v. When the system of simultaneous linear par- 
tial differential equations determining F admits of two int^rals 
u^a, v=^b, it toiU admit or will not admit of a third inte- 
gral w=^Cy according as the roots of the quadratic determining 
m are equal or unequal. 

The system in question, (22), 'becomes when we divide by 
ZJand write for (-y— ) and ( ;t- j their full expressions 

dF dF ni^dF BdF_ 
dg'^^ dz'^ U dp^ U dq" ' 

dx^^ dz^ U dp^ U dq ' 

• * . ■ 

or A,i^=0, A,F=0, 

in which 

*^<Z d m^ d B. d 

K ^ d d T d m^ d 
*" dx ^ dz U dp U dq* 

Hence the equation 



becomes 



wij — Wj dF 



U dz 



f.T. m.\dF , /. m. . S\dF ^ 



In this expression the coefficient of the first term only has 
been calculated. 

Now, bjr the theory developed in Chap. xxv. in order that 
the two simultaneous partial differential equations should 
have their full complement of integrals (three) it is necessary 
that the above equation should be satisfied identically. This 
involves three conditions, namely, 
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Wj — mj = 0, 

the first of which is the one afltaned in the Proposition to be 
necessary. 

Secondly, it is to be shewn that if this condition be satis- 
fied and if the system of given linear equations admit of two 
integrals w — a, -i? = J, it will admit of a third. 

Eeplacing m^ and m^ by m the system becomes 

dF dF mdF R^ ^-a 
dy^^ dz^ U dp^ U dq^^' 

dF dF T dF m dF ^ 
dx -^ dz U dp U dg^ 

Now if we construct from this the corresponding system of 
ordinary differential equations, we shall find it to be 

dz —pdx — q^dy = 0, 
dp- jjdx--^dy^% 

dq — yt^ "" Tt ^y^^' 

Now it is impossible that the first of these equations should 
be integrated without a previous determination of p and q as 
functions of a?, y, «, seeing that dxj dy, dz are the three differ- 
entials entering into that equation. Such determination can 
only come firom the integration of the second and third equa- 
tions of the system. But if these equations can be integrated 
in the forms t* = a, t; = J, then u ana t; being particular values 
of F satisfying the partial differential equations, it follows 
from the last Proposition that the values of y and q which 
they will yield will make the first equation integrable. 
Hence if the system admits of two integials it will ainit of 
three ; as was to be shewn. On the baaia oi XJcia'efc ^x^^^'^- 
tions the theory of tixQ second integration xe^\a» 
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Theory of the Second Integration. 

9. First suppose the values of m unequal. 

Then m, = ai, t;i = Ji being the two integrals (and we have 
seen that there cannot be more than two) of one of the systems 
of linear partial differential equations, and w, = a„ v, = J, those 
of the other, the general first integrals of the given system 
will be 

The values of p and j determined from these will by 
Proposition iv. render 

dz --pdx — qdy = 

integrable, and the integral of this will be the general integral 
of the proposed partial differential equation. For it will in- 
volve explicitly or implicitly two arbitrary functions derived 
from those in the first integrals. 

It suffices however, following herein Charpit's method, to 
combine one general first integral derived from the one sys- 
tem with a particular first integral derived from the other 
system, e.g. the integrals 

<E>(Wj, vj = 0, Wj = a. 

The values of p and q hence derived, and employed as 
before, will lead to a second integral involving one arbitrary 
ftinction and containing two arbitrary constants. This con- 
stitutes a complete primitive from which the general solution 
"will be obtained by converting one of the arbitrary constants 
into an arbitrary function of the other, and eliminating the 
latter between the equation and the one derived from it by 
differentiation with respect to that constant. 

Secondly, suppose the values of m equal. 

In this case we have but one system of partial differential 
equations so constituted however that if it admits of two inte- 
grals it will admit of three. 
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Let w=a, t? = &, w=^c represent these integrals. Then if 
from these we eliminate^ and q we shall obtain a final inte- 
gral of the form 

and this constitutes a complete primitive from which we shall 
deduce the general integral by making J =<^(a), c ='^(a), 
and eliminating a between the equations 

da 

To prove this let us combine the general and particular 
first integrals 

The values of p and q hence obtained make 

dz "pdx — qdy = 

integrable, and the result can be no other than the remaining 
integral t(? = c, or rather what this would become on eliminat- 
ing p and q from it. But since the equations by which this 
integration are to be effected are equivalent to 

u = a, v = <j} (a), 

w will become a function of x, y, z, a and (j) (a). Also by 
Charpit's method c is to be treated as a function of a, so that 
ultimately we have the result above assigned. 

We have here supposed U not to vanish. If it do the 
theory assumes another but simpler form. Let 

v=f{u), w = yjr{u) 

be the two general first integrals. Then, since by the con- 
dition at the close of Art. 2, if p be eliminated from these 
equations q will also disappear, it suffices to eliminate th&\s^ 
together in order to obtain the general &ecou<im\i^^^« 
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10. Although the cases in which Z7= and F=s have ui 
the foregoing sections been treated for simplici^ apart, their . 
theory might have been deduced from that of the case in 
which neither ?7nor F vanishes. 

Thus to deduce the equations for the case of ?7=s dimi- 
nate from the general system (22) t- and -7- in succes- 
sion, and we find 

(Br-».,™jf-£^.(D+CB(f).«. 

But from (21) RT- m^m^ = UV. 
Substituting, and then dividing hj Uvtq find 



„ dF fdF\ . „ fdF\ ^ 



the equation determining m^, m^ being 

m^-VSm + RT^O. 
This is equivalent to the results of Art. 5, Case I. 

11. We found it necessary (Art. 3) in order that the gene- 
ral partial difierential equation of this Chapter should be satis- 
fied by the envelope of a system of surfaces the equations of 
which contain three parameters varying under two conditions 
that the relation 

should be satisfied. 

It appears from Art. 8 that this is but one of three condi- 
tions necessary and together suflScient for this purpose. The 
formal conditions for everv form of ultimate solution con- 
sistent with the existence of a general first integral i^(u, t;)5= 
can be deduced in the same way. 
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[In the Bulletin de VAcadSmte Impiriale des Sciences de 
St F^lershourg, Vol. IV. 1862, there is an article entitled Con- 
8id(fration8 sur la recherche des integrales premieres des Equa- 
tions diffirentielles partielles du second ordre^ par G* Boldt 
(Lu le 7 Juin 1861). 

The article occupies pages 198 — 215 of the volume. Al- 
though the name does not quite correspond, I consider that to 
be a misprint, and I attribute the article to Professor Boole, 
partly from the nature of the contents, and partly because it 
is known by his friends that he was engaged at a time corre- 
sponding to the date here given in the preparation of a mathe- 
matical article in French. 

The object of the article is to determine the conditions 
necessary for the existence of a first integral of the equation 

^ ^ J. ^ J^ J- r — 4- TF= 
ds?^ dxdy ^ dv* ' 

where ^, B^ T, and TFare any fiinctions of x, y, z, -j- and — ; 

and also to determine the conditions which must hold in order 
that Ampfere's method of integration may be employed. 

In Crelle's Journal, Vol. Lxi. there is an article by Pro- 
fessor Boole, entitled JJeber die partielle DifferentialgUichung 
zweiter Ordnung ^r -H /& + Ti + U{^ — rt) = F. 

The article is dated 1862 ; it occupies pages 309 — ^333 of the 
volume. 

Among Professor Boole's manuscripts I found a m^Tsv^vt 
very closely resemhling the article m Ct^'^J^^ ^Q>as:viA% "SX. 



144 PABTIAL DIFFERENTIAL EQUATIONS &C. [CS, XXVm. 

would appear that the memoir was drawn up with a view to 
publication in the Transactions of some English Scientific 
Society, and that this design was afterwards abandoned in 
favour of the article in Crelle's Journal. 

After some hesitation I have resolved to print this memoir. 
Even if the memoir had been identical with the article in 
Crelle's Journal it would have been convenient ^to the English 
reader to be able to avail himself of the investigations ; and 
the memoir contains remarks which do not occur in the article, 
and which are interesting in connexion with the history of the 
subject. There is some repetition of matter which has already 
been given in Chapter xxviii. ; but I was unwilling to impair 
the completeness of the memoir by abridgment or omission. 
Accordingly the memoir forms the next Chapter of the present 
volume. 

In Article 2 of the next Chapter will be found the pro- 
cess to which there is an allusion towards the end of Article 4 
of Chapter xxvili. 

It is obvious that the subject of partial differential equa- 
tions of the second order was much studied by Professor 
Boole. The chronological order of his writings on the sub- 
ject appears to be as follows : 

1. Chapter xv. of the first edition of his work. 

2. The article in the Bulletin of St Petersburg. 

3. The memoir which forms Chapter xxix. of the pre- 
sent volume. 

4. The article in Crelle's Journal. 

5. The Chapter xxviil. of the present volume.] 
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CHAPTER XXIX. 



ON THE SOLUTION OP THE PARTIAL DIFFERENTIAL EQUATION 

Iir+8s+ Tt-\' U[8^-rt) = F, IN WHICH JS, 8, T, J7, V 

ARE GIVEN FUNCTIONS OF X, y, Z^ p, q. 

1. The equation, the theory of the solution of which 
I propose to consider in this paper, is remarkable from its 
connexion with Geometry. If the equation of a surface 
contain three constants which vary as parameters in sub- 
jection to any two conditions connecting them, the gene- 
rated envelope will satisfy a partial differential equation of 
the above form. In other woras any envelope of the surface 

F{x,y,z,a,h,c)=0 

formed by the variation of a, b, c in subjection to two con- 
necting conditions 

<^j (a, J, c) =0, <^2 («» 5» c) =0 

is necessarily an integral of a partial differential equation of 
the form given above. 

Now this, theorem is the more important, because it is 
only when three parameters in the equation of a surface 
vary in subjection to two relations that the envelope pos- 
sesses, in-espectively of the form of the connecting relations, 
any definite character. If there be but one connecting rela- 
tion it is possible to determine that relation so as to make 
the envelope assume the form of any surface whatever, and 
ther^ore tne possible system of enveloipea \a m «^0a. ^"aaa, 

Ji,D.E. IT. ^ 
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unlimited. If there be three connecting relations the para- 
meters become absolutely constant and no envelope exists. 

The partial differential equation 

is remarkable also as including all the cases in which a 
partial differential equation of the second order admits a 
first integral of the form 

w=/(v), 

u and V being definite functions of x, y, z^p^ q, and/(r) 
arbitrary in form. 

Neither of these statements is sufficiently general to con- 
stitute a theory of the genesis of the partial differential equa- 
tion under consideration, but the second one is more general 
than the first, and is indeed sufficiently so to serve as the 
ground of an investigation which connects the solution of 
the equation in all cases with the satisfaction of a system 
of simultaneous ordinary differential equations of the first 
order and degree. And this is the ground upon which the 
method of the paper will rest. I propose to shew, 1st that 
the solution of the given equation on the assumption that 
a first integral of the form u=f{v) exists requires the satis- 
faction of a system of two partial differential equations of 
the first order and second degree ; 2ndly that this system may 
be resolved into four systems, each consisting of two partial 
differential equations of the first order and first degree, two 
of which systems are irrelevant and the other two relevant ; 
3rdly that the solution of the two relevant systems ulti- 
mately depends on the solution of a system of ordinary 
differential equations of the first order, and that from these 
ordinary differential equations the given equation of the 
second order may be deduced independently of the assump- 
tion above mentioned. 1 shall also discuss the theory of the 
second integration. And I shall exemplify another method 
of solution connected by a remarkable law of reciprocity with 
the above method. 
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First Investigation^ 

2. Prop. i. lfu=f{v) he a first integral of the equation 

Br+8s+ Tt+ U(f-rt) = V...: (1), 

then will u and v, considered a>s functions of x, y, z, p, q, each 
satisfy two partial differential equations of the form 



+MI(S4' (!)}=« 



P /du\ du rpf<^u\ ^^ 
\dx) dq \dy) dp 



jj(du\ fdu\ y.du du _^ 
\dx) \dy) dp dq ^ 



(2). 



tn 



or 



du du 



du . du 



db+^^'^^'^^ + Sj^ 



m which (-^1 and (-j-j stand fc 

respectively. 

To demonstrate this proposition we shall form directly the 
partial differential equation of the second order of which 
u—f{v) is an integral and, comparing that equation with (1), 
deduce the conditions for the determination of u and v. 

Differentiating u=f{v), first with respect to x and secondly 
with respect to y, we have 

du du dz du dp du dq 
dx dz dx dp dx dq dx 



"•^ ^ ' \dx dz dx dp dx dq d^) ' 



du du dz du dp du dq 
dy dz dy dp dy dq dy 






\Q— ^ 
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.- ^ du , du , /du\ du du , /du\ 

or, .f w. irepre^nt 5+J.£ 1-7 (sj • 5+5£ 'y (^j • 

Eliminating /'(v) we arrive at the partial differential equa- 
tion of the second order, 

(du (dv\ ^ dv fdu\\ 
\dp \dy) dp \dy/] 

(du (dv\ __ dv /du\ dv /du\ ^du fdv\\ 
\dq \dy) dq \dy) dp \dx) dp \dxJ) 

(dv (du\_^du (do\\ (du dv^du dv\ , , __ . 
\dq \dx) dq \dx)) \dq dp dp dq) ^ ^ 

- (^\ (^\ -. f^\ (^ (^\ 

" \dy) \dx) \dx) [dyj ^'^^• 

It is seen that as respects the mode in which the quan- 
tities r, 5, t are involved this equation is of the same form 
as the given equation (1). That it may "be equivalent, its 
coefficients must stand to those of (1) in a common ratio fji. 
This gives 

du (dv\ dv fdu\ ^ , . 

^W/-^Uyj=^^' ('')' 

du /dv\ ^ dv (diC\ dv (du\ du (dv\ __ ^ ,,. 
dq \dy) dq \dy) dp \dx) dp \dx) " ^ ^ ^' 

dv /du\ du (dv\ _ m / n 

dq \dx) "Tq W "^^ ^""^^ 
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du dv du dv^_^ jj ., 

dq djj dp dq ^ '' 

(DO-d)©""^ -w- 

As we have here five equations which are homogeneous with 
respect to the four differential coefficients of v and to fi, it is 
clear that we can, by the elimination of these quantities, 
obtain a relation connecting the differential coefficients of u 
with jB, S, T, &c. But the peculiar cyclical form of the 
functions in the first members of the above system enables 
us to effect this elimination so as to lead to two final equa- 
tions independent of v and fi. 

Thus multiplying (a) by g) ^, (c) by (|) |, 

^'^ ^^ fi) (^) ' ^""^ (') ^^i^' ^°d adding, we find, on 
rejecting the common factor /a, 

\dxj dq \dyj dp \dxj \dyj 

j^du du __^ fA\ 

dp dq ^ 

Again, multiplying (a) by (^) , (6) by Q (^), (c) by 

/(?wV 3 / \ 1. fdu\ du . fdv\ du ^^. , 

\Ty) > ^^ (^) ^^ \di) dp -^Kd^Jdi' **^^'"S' *°^ ^Sain re- 

jecting the common factor ft, we have 

^(l)"+<£)(|)^K|)' 
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Hence, u considered as a function of a?, y, z, p, q satisfies 
the two partial differential equations (4), (5), both which are 
of the first order and second degree. 

As u and v enter symmetrically into the system (a), (J), 
&c., V will also satisfy two partial differential equations of 
the same form, viz. the equations 

\<zx/ aq \ayj dp 



dp dq 



^(S'-<l)(|)-^(D' 
•^M(s)|+(l)|}=» 



^...(6). 



J 



Further, these two systems of equations constitute the 
complete system of equations resulting from the elimination of 
fi from the five equations (a), (S), (c), &c. ; for in their deter- 
mination, no factor involving either the differential coefficients 
of u and v, or the quantities iJ, 8^ 37, &c. has been rejected 
directly or indirectly. 

I am not aware that the above results of elimination have 
been noticed before. 

3. Prop. II. The system of partial differential equations 
above obtained for the determination ofuy viz. 



\dxj aq \ayj dp 



+ 



ui 



du 



du du 



\dxj \dyj dp dq 



= 



B 



(D'-«©(|)-K|)' 



' (7) 



+ 



^X^)dp'^\dy)di]~ 







ABT. 3.] OF THE SECOND ORDER. 151 

admits of resolution into four systems, each consisting of two 
linear partial differential equations of the first order* Of these 
systems two only are relevant to the solution of the problem* 

For, multiplying the second by an Indeterminate quantity 
\, and adding the result to the first, we have 

\dxj dq dp dq \dy) dp 



+ 



•^©l-d)!!-" (^)- 



Now let us see if it is possible to determine \ so as to 
make the first member of the equation resolvable into linear 
factors. We cannot say cb priori that such resolution is pos- 
sible as we should be able to do if that member were homo- 
geneous and of the second degree with respect to three instead 
of with respect to the/owr subject variables 

(du\ fdu\ (du\ rdu\ 

\^)' v^r \d^)' [d^)' 

Observing that the squares of ^ and -r- are wanting 

in the first member of (8) while those of (^j and f-j-) 

appear, we are led to assume as the proposed equivalent of 
that membet an expression of the form 

{Hl)-^»(s)^"|}Hi)^-'(|)-^"'|}- 

Multiplying the factors of this expression together and 
then equating the coefficients with those of the first member 
of (8) we have 
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Itm: + \m==U+8\ (a), 

mm' = T\ (S), 

\n = XF=m7i' (c), 

Hn =Ii (d)j 

nm'=T (e), 

nn'=V (/), 

From (J), (c), (eZ), we find 

T 
w = F, n = 1, m = \ F, m' = -|^ , 

values which will be found to satisfy (e) and (/) also, and 
which reduce (a) to the form 

FV ->Sf FX + J2r- UV=0. 
Supposing X thus determined, the equation (8) becomes 

The result is a little simplified if we retain m in place of \. 
We thus find as the resolved form of the given equation 

{^(S)+«'©^4;}{"'(l)^^(l)-''|}=»-("' 

m being determined by the quadratic 

m^-Sm-^BT-UV^O. 

If TWj, TWj be the values of m thus found, we have 
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and these two equations are manifestly together equal to the 
system (7). 

Now these equations can only be simultaneously satisfied 
by equating to 0, one factor in the first member of each ; and 
the different combinations which are thus possible give rise 
to four binary systems of linear equations. Let us examine 
these systems separately. 

If we simultaneously equate to the two first factors of 
the left-hand members of the last two equations, we have the 
systems 

a system which, when m^ and m^ are different, is reducible to 
the system 



^ fdu\ . ^du ^ /du\ 



dp ' \dyj 

It is clear that this cannot lead to a value of u satisfying 
the given differential equation (1), because it takes no 
account of the forms of Sy Z7, and 21 Indeed if we actually 
eliminate 

(du\ /du\ du du 
from the above equations by means of the system 



/du\ 



du du 

dp oj 

/da\ du ^** _ rt 

\dy/ dp d^ ~ 



(10), 
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(derived from the assumed first integral u =/(v) by making 
f{y) = c, and diflFerentiating the result first with respect to a?, 
then with respect to y), we find as the result 

F< + 5(s"-rO = 0. 

Again, if we equate to the two last factors of the right- 
hand members of (10), we have 






dyJ dq^ 
which, if m^ and vn,^ are different, reduce to 

^(i)+ ''I =«.©=»■ 

And it is evident that neither are these equaitions consistent 
with the given equation (1), because they take no accoimt of 
B^ U, and R. The equation of the second degree to which 
they actually lead is 

Vr+T{/-rt)^0. 

There remain then the two systems formed by combining 
the first factor of each one of the first members Avith the 
second factor of the other, viz. 






> 



(11), 



R 



du\ 



+ F ^- = 



\dx) * \dy) ^ ' dp 

.(i)-ni)-''l-»j 



(12). 
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That these systems are relevant to the solution of the pro- 
blem under consideration may be shewn by eliminating from 
either of them by means of (10) the quantities 

fdu\ (du\ du du 
\^)' \dy)' d^' d'q' 

The actual result will be 

» 

V[Rr-vS8+Tt+U{f-rt)-V}-=^(} (13), 

which, except in the particular case of F= 0, reduces to the 
given equation. 

More generally, if in the equation 

u =f{v) 

u and V are any distinct solutions of the system (11), the 
same result of elimination may be deduced. For v by hypo- 
thesis satisfies the equations 






Subtract these equations multiplied by/'(t>) from the corre- 
sponding equations of (11), and representing m —f{v) \ij W, 
we have 

which being of the same form as (11) it follows that 

TF=0 or w-/(i?) = 

also leads to the partial differential equation of the second 
order (13). 
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4, Prop. III. To reduce the determination of the first {nte- 
grals of (1) to the solution of a system of ordinary differential 
equations. 

Each of the systems (11), (12) presents' u as satisfying 
simultaneously two linear partial differential equations of the 
first order. 

To deduce the value of u thus conditioned it will obviously 
suffice to multiply in each system one of the partial differen- 
tial equations by an indeterminate multiplier \, to add the 
result to the other equation so as to form a new equation 
which will, like those from which it is formed, be linear and 
of the first order, and which on account of the indeterminate 
character of \ will be equivalent to the two. From the 
auxiliary equations which we obtain in the process of solu- 
tion, \ must be eliminated. 

If in this way we combine the equations of the system (11), 
we have, on arranging the resulting equation according to the 
differential coefficients of w, 

] du 



+ W + m^ + \ {Tq +m,p)J ^ 



^rdu ^ ^ydu 
d'p dq 

Hence we have the auxiliary equations 
dx dv dv da dz 



— % _ ^i^ _ ^ _ 



iZ + XWjj m^ + \T V \V Iip + m,q + \{Tq + m^p)' 

du = 0, 

and it is to be remembered that m„ w^ are the roots of the 
equation 

7»» - /Sfm + ijr- r/F= 0. 
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Eliminating X from the first four of the above equations we 
have 

TJdq^ + Wjdic — Rdy^ 01 

Udp ■\' m^dy -- Tdx =^ (yt (I). 

dz — pdx — qdy = ol 

This then is the system of ordinary difierential equations 
deduced from (11) upon the integration of which the determi- 
nation of u will depend. 

A similar system, differing from the above only in the 
mutual transposition of m^ and m^, is given by (12), viz. 

Udq + m^dx — Rdy = 0) 

Udp-^m.dy-'Tdx^QS (11). 

dz — pdx — qdy = O) 

If from either of these systems we can deduce two inte- 
grals of the forms 

it is obvious, from what precedes, that 

will constitute a first integral of the proposed (1), and there 
being two systems in question, two such first integrals, each 
involving an arbitrary constant may coexist. 

6. Prop. IV. To deduce the second integral of (1). 

It will be necessary to consider separately the cases in 
which Wj and m^ are equal and unequal. 

First let m^ and m^ be equal. 

Both the systems (I), (II) reduce to a single system which 
may be expressed in the form 



dp ^ ^dx - -jjdy 



dz — pdx + gfcfy 



\ ....••(14). 
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Now, since the condition ^ = ^ is here satisfied, it is 

ay ax 

manifest that if from any two mtegrals of the above system 
of the forms w = a, t; = J, simultaneous values of p and a 'be 
determined, these values will render the third equation ot the 
system integrable, and the effect of its integration will be 
virtually to determine ;5 as a function of a?, y, and threes arbi- 
trary constants, viz. a, J, and a constant c introduced in the 
last integration. Let us represent the result in the form 

z=^{x, y, a, i, c) (15). 

Now what relation will this result bear to the general solu- 
tion of the partial differential equation given, to the solution 
which we should obtain by integrating, not the particular 
equations w = a, v = J, but the general first integral u =y(v), 
which includes them both. 

To integrate the equation u =f{y) it suffices to deduce any 
particular ecj^uation involving an arbitrary constant h, which, 
m conjunction with u =/(v) will render 

dz —pdx — qdy = 

integrable, and to integrate the last equation regarding the 
arbitrary constant of integration as an arbitrary function of 
h. The result is a complete primitive in which, by the 
variation of J as a parameter the general integral is implicitly 
involved. 

Now either of the equations t« = a, v = b will, in conjunc- 
tion with u =f{v) determine^ and q so as to make 

dz —pdx — qdy = 
integrable. Take the equation v = 6, then u =y(v) reduces to 

u =/(J). 

Thus, in place of the equations w = a, v = J, of the previous 
section, we have 
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for the determination of p and y. The constant c introduced 
in the final integration becomes also, according to the above 
theory, a function of J, and the complete primitive is of the 
form 

z = <l>{x,y,b,f{b),ylr{h)} (16), 

while the general integral is found by eliminating h between 
this equation and its differential with respect to b. 

The general integral therefore represents the envelope of 
the surface represented by (15), a, b, c being parameters sub- 
ject to any two connecting conditions. 

As Wj , m^ are supposed equal, a necessary condition of the 
possibility of this species of integration is that 

ig»-4(ii;r-Z7F)=0 .'....(17), 

the value of w is — , and the system (14) reduces to 



dz — pdx — qdy = 



(18). 



We conclude therefore that if {\1) be satisfied and we can 

from (18) deduce a valu^ of z in terms of x, y, and three 

arbitrary constants, the equation expressing that value will be 

a complete primitive, and the general int&gral will be found 

by making the constants vary in subjection to two arbitrary 

conditions, 

» 

Ex. Let the given equation be 

xqr + ypt + xy{s^ — rt) =^y. 

Here B-xq, S=0, T^yp. U^xy^ V^j^q. 
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The condition (17) is satisfied, and (18) becomes 

xydp ^ypdx'^ 0, 

xydq^ — xqdy = 0, 

dz —pdx — qdy = 0. 

From the two first of these we find 

p = ax, g^ = hy, 

whence from the third, 

This is the complete primitive, and the general primitive 
consists of all possible equations derived from this by making 
a, J, c vary in subjection to two conditions. 

Ex. 2. Given 

(l + g-)r-2^g. + (l+y')^-- /7^^ . 

(l+/ + 2^)* 

Here the equation for m reduces to 

whence w = — ^j, and the system. (18) gives 

(1 +p' + f)^ 

^ +pqdy + (1+^*) (ir = 0. 



(l+p»+^)i 
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Subtracting the upper equation multiplied by pq from the 
lower one multiplied by 1 + 2*, and dividing by l+^^ + 2^ 
we have 



whence 



'^+V(l4'+2^""' 



In like manner, 



2' + V(l+/+2^"** 

Hence determining p and j, 

, {x-a)dx-\'{y-h)dy 

Therefore {x - af + (y - hy + (^ - c)' = 1. 

From this form of the complete primitive it is evident that 
the general integral will represent all possible tubular surfaces 
. formed by the motion through space of a sphere of constant 
radius unity. 

Secondly, let m^ and m^ be unequal. 

Then since, in neither of the systems (I) and (II) is the 

condition -^ = ^ satisfied, from neither system separately 

can values of jp and q be obtained which make dz ^pdx + qdy 
■■ integrable. 

But, as will be shewn, any two integrals obtained, the 
k one from the one system and the other from the other, will 
give values of p and q which will render da = pdx-V q4'\j ^xv- 

B.RE. IL W 
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tegrable, and the general solution will consist of all possible 
integrals of the latter equation thus obtained. 

Or if the complete first integral of either system be com- ^ 
bined with any particular integral involving an arbitrary 
constant obtained from the other, the two will fiimlsh values 
of ^ and ^ which render dz == pdx + ^di/ integrable, and its 
Integral will be a complete primitive involving one arbitrary 
function in its expressed form, another in the connexion of 
Its two constants ; the general primitive being found in the 
usual way by making the constants vary as parameters in 
subjection to a single arbitrary connecting condition. 

In fact it may be shewn that if we attempt by the process 
of Charpit or Lagrange to integrate the partial differential 
equation of the first order w =/ (v), deduced we will here sup- 
pose from the system (i), we virtually construct the system 
(il) In the auxiliary equations upon which the process of 
solution turns. I have obtained a direct proof of this proposi- 
tion, but I think it preferable and at the same time sufficient, 
to direct attention to the prior ground upon which it rests in 
the relations of the systems of partial differential equations 
(11), (12) from which the systems of ordinary differential 
equations (i), (ii) are derived. 

Let P=0 represent any integral of the system (11), and 
Q = any integral of the system (12). Then we have 



dp \dxj ^ \dy) 

-''f='^(S)-^(D- 
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Hence we deduce 

\dp \dx) dp \dxj dq \dy) dq \dy)) 

={-©-.(DKf)-^(^)--(f)KS) 



The second member of this equation is identically 0. Hence 
dividing by F we have 

fm.iQ(f)^^pfi^.mf)^o (19). 

ap\dxj dp\dxj dq\dyj dg\dy J ^ ' 

But this is the known condition under which the values 
oi p and y deduced from the equations P = 0, ^ = make 
dz =pdx-\-qdy integrable; see Chap. xiv. Art. 13, Equation 
(36). 



We conclude then that if from the systems (i), (li) we can 
deduce two corresponding systems of integrals 

then will the first integrals of (1) he 

while the second integral will consist of all possible relations oh- 
tained either 1st by specifying the forms off , f^ and obtaining p 
and q as functions of x and y arid integrating dz ^^pdv 4- qdy^ 
or 2ndly, by specifying one of the functions jf[,f, leaving the 
other arbitrary, determining p, q, integrating az = pdx + qdy^ 
and regarding the final constant of integration as an arbitrary 
parameter. 



jda? — ady = 0| 
^x — orfy = 0) 



164 PARTIAL DIFFERENTIAL EQUATIONS [CH. XXIX. 

Ex. Given ar + Js + c« 4- 6 (5" — ri) = A, the coefficients 
being constant. 

Here JS = a, /8'=5, r==c, Z7=6, F=A. 

Hence mj, m^ are the roots of 

w* — Jw + ac — eA = 0, 

and the systems (i), (11) give 

edq^ + 9w jda? — ady = 0] 

edq^ + TTijrfaj — orfy = 0] 

Whence the first integrals are 

ej + m^x — ay -^ (ep 4- raj/ — ca:) , 
ej + Tw^a? - ay =^ (ep + m^y - ca?), 

from which all possible second integrals are to be derived in 
the modes above explained. 

Let us take the second of those modes and give to the 
second of the above first integrals the particular form 

ep 4- m^y — cx=G^ 

G being an arbitrary constant. From this, and from the 
other integral, left in its complete form, we have 

cx-mjz+G ay- m^x+f, {(m, - m,) y + G] 

^- e '2- , 

whence, substituting in the formula dz=pdx-\-gdy^ inte- 
grating, replacing the arbitrary foim 



jf^{i)dthj{m,^m,)<l>{t), 



i.x 
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and introducing an arbitrary function of G for the arbitrary 
constant, we have 

for a complete primitive. The general primitive consists of 
all possible relations obtained by eliminating G between the 
above equation and 

=i[a: + f {K-«i,)y+ (7}] + t'(C), 
when the forms of <^ and -^ are specified. 



Second Investigation. 

6. If from the equation 

Rr + S8-vTt'\-U{^'-rt)=^V. (20), 

we eliminate r and t by means of the equations 

dp = rdx + sdtfj 

dq = sdx + tdy^ 
the result will be 

[Rdf''Sdxdy-\-Td^'-U{dpdx'Vdqdy)'\8 

^Bdpdy-^-Tdqdx-TJdpdq-Ydxdy (21). 

There are different considerations (all of them however in- 
volving, as I have been led to think, a more or less explicit 
reference to some theory of the genesis of the given partial 
differential equation) which indicate that its solution depends 
upon that of the equations obtained by equating to the part 
affected and the part not affected by 5, viz. upon the solution 
of the equations 

Rdf - Sdxdy '\' Td^ " ?7(c?pdb + e^rfy) = 0...... (22), 

Bdpdy^-Tdxdx-Udpdq^'-Yia^A!^^^ ^^* 
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Without entering into these considerations let ns inquire 
what consequences may be deduced from these equations 
assumed to be true. 

It is seen that these equations are connected by a remark- 
able reciprocity with the partial diflferential equations (7). 
They will in fact be converted into these equations if we 
change 

dx, dy, dp, dq, U, F, 8 (24), 

into 

du du du du jr rr n /qk\ 

respectively. From this formal connexion it follows that if 
we multiply (22) by \ and add to the result (23), we shall be 
able to determine \ so as to permit the resolution of the equa- 
tion thus formed into linear factors. Ultimately we shall, as 
appears from Art. 3, reduce the system (22), (23) to an equi- 
valent system of the form 

{-Rdy—mjdx + Udq) (- m^di/— Tdx + Udp) = 0, 
{- Bdy -• m^dx + Udq) {-m^dy- Tdx+ Udp) = Oy 

wij and m^ being determined by the equation 

or, changing the sign of m, 

(- Rdy + m^dx + Udq) [m^dy - Tdx + Udp) = 1 . o 
(- Rdy '\- m^dx ■{- Udq) {m^dy- Tdx+ Udp)=OJ 

m^ and m^ being as in the former investigation roots of 

w»-iSm + Jjr-i7F=0. 

Equating to the corresponding factors of the first mem- 
bers we have 



— Rdy + m^dx + Udq = 

— Rdy + m^dx + Udq 

m^dy-^Tdx-^ Udp = 
m^dy — Tdx + Udp 



= 0) 
= 0) 



V 1 
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The first of these, m^ and m^ being different, is resolvable 
into 

the second into 

Udp - Tdx = 0, dy = 0, 

and it is obvious that neither of these can lead to the given 
partial differential equation (1). The first of them combined 
with the equations 

djp=rdx+sdy, dq = sdx + tdt/ (27), 

leads in fact to the partial differential equation 

B- m = (28), 

the second in like manner leads to 

T- Ur = (29). 

But equating to the non-corresponding factors of the first 
members of (26) we have 

— Rdy + m^dx 4- Udq = 
m^dy — Tdx + Udp 

m^dy - Tdx+ Udp = 0] 

— Rdy + m^dx + Udq = 0^ 

Now these systems when completed by the equation 
dz = pdx + qdy agree with the systems (i), (ii) deduced in the 
previous investigation. 

It remains to shew that these systems actually lead to the 
given partial differential equation (1) directly. Eliminating 
from either of them, combined with the system (27) the dif- 
ferentials dxj dyy dpy dq^y we shall have as the result 

Z;'{jBr + &+!n+Z;'(s»-rO~F} = (30), 

which, rejecting the factor CT, as from (13) we rejected F^\^ 
the differential equation proposed. 



::}• 
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Ground of the Reciprocity above noticed, 

7. The reciprocity above noticed is not of a primary cha- 
racter, but is founded upon two prior laws which I shall pro- 
ceed to demonstrate. 

If from the partial diflferential equations of the system (7) 
we eliminate Fand substitute the resulting equation in the 
place of the first equation of the system we shall obtain the 
equivalent system 

]\da;) dp \dyj dq_ 
\\dxj dp \dyj dq) 











...(31). 



J 



These equations are both symmetrical and it will be ob- 
served that they are convertible the one into the other by 
changing 



into 



du du" du du jj „ y, 
dq' ~dp' ^' Ty' ^' ^' ^ 



du du du du y. q rr 
d^' dy' 'dq' d^' ^' "^' ^ 



(32), 



(33), 



respectively. This is a law of reciprocity which connects 
solely the differential coefficients of u and the coefficients 
Uj /&, V of the original equation. 

Again w = is by hjnpothesis a solution of the given partial 
differential equation. Regarding it however simply as an 
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equation which is trtie and the truth of which is consistent 
with that of the equations 



dp^rdx + sdy) ,^^. 

da = sdx + tdy) 



dq = sdx + tdy 

and differentiating it first with respect to a;, secondly with 
respect to y, we have 

du da dz du dp du dq __ 
dx dz dx dp dx dq dx^ ^ 

du du dz du dp , du da ^ 

J 1 _£_. J _-t __ Q 

dy dz dy dp dy dq dy ' 

equations to which we may give the form 

fdu\ __ du du 
\dx) ^ dp dq 

(du\ _ du du 
\dy) "dp dq' 

Now this system is of the same form as the system (27) 
and will agree with it if we change 

du du du du ,^^. 

'^l^'^Ty' Tp' dq ^^^' 

into 

dp^ dq, dxy dy (36), 

respectively — a change which does not affect the coeflScients 
of the given equation, and which is therefore the expression 
of a law of reciprocity distinct from that last noted. The 
combination of these two laws does however lead to the 
law exemplified in the researches of the previous Article ; 
see (24) and (25). 

The question here arises whether it would not have been 
better to employ from the first the symm^\xvQ.^iQrrcfta» V5>\>^ <^ 
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the partial differential equations of the first order and second 
degree upon which u depends, than the unsymmetrical forms 
(7). It was indeed from the symmetrical forms that the 
chief results of this paper were originally obtained, but the 
unsymmetrical forms lead to the same end in a simpler way, 
and therefore they have been made use of in the present 
memoir. 

It may be proper to notice, in concluding this section, that 
the symmetrical forms in ordinary differentials would have 
emerged in place of the unsymmetrical ones of (22) and (23), 
if the quantity s^ — rt had been retained instead of s. The 
equations 

dp = rdx + sdy, dq=8dx + tdy^ . 

* 
enable us in fact to reduce the given equation (20) to the 
form 

Rdf + 8dpd<i + Td4 - Vidpdx + dqdy) 

= {/ - ri) {Rdf - Sdxdy + Tda? - U {dpdx + dq^dy) }. 

Hence arises the symmetrical system 

Sdf+Sdpdq + Td^ - V{dpdx + dqdy) = 0, 

Mf -Sdxdy + Tda? - U {dpdx + dqdy) = 0, 

which is connected with the system (31) by the single law of 
reciprocity expressed in (35) and (36). 



PostscrtpL 

8. At the time when the above investigations engaged my 
attention I was totally unaware that the subject of them had 
been discussed by Ampfere {Journal de VEcoh Polytechniqtie, 
Tom. XI.) and recently by Professor De Morgan {Cambridge 
Philosophical Transactions, Vol. IX. Pt. IV.). I feel it there- 
fore incumbent upon me to state why after acquainting my- 



AET. 8.] OP THE SECOND OEDER. 171 

self with the results of their labours, I offer this paper for 
publication. 

The method of Professor de Morgan so far resembles the 
first method of this paper, and that jof Ampfere the second, 
that while the former makes the solution of the problem 
depend directly upon that of simultaneous partial differential 
equations of the first order, the latter makes it to depend 
directly upon the solution of simultaneous ordinary differ- 
ential equations of the first order. The formal connexion of 
these methods by the law of reciprocity is, I believe, esta- 
blished for the first time in this paper. The system of partial 
differential equations of the second degree (7) has not, so far 
as I am aware, been given before. 

But a point which I think of deep importance is the follow- 
ing. By connecting, as in this paper, the differential equa- 
tions of the second degree, whether ordinary or partial, by an 
indefinite multiplier which is afterwards determined so as to 
admit of the resolution of the system into its component linear 
elements, we assure ourselves that each step of the solution 
offers a complete sequence to that which has gone before, and 
it only remains then to separate the different elements and 
determine whether they are relevant or irrelevant to the end 
in view. That any such distinction exists has not, so far as 
I am aware, been noticed before. And it seems to me the 
more important that it should be noticed because the solution 
of partial differential equations in cases far more general than 
those above considered seems to depend upon the satisfaction 
of simultaneous differential equations of a degree higher than 
the first. I have in fact by an application of the Calculus of 
Variations arrived at the conclusion that the theory of the 
solution of all partial differential equations of the second 
order, whatever the number of variables may be, is very inti- 
mately connected with the satisfaction of a system of differ- 
ential equations of the type 

dF y . dF -f J . dF , a - 

F=' representing the given partial differential e(yiat\a\s.>, ^ 
and y any two of the independent ^aiisJciVa^, ^\A T^%>t'^'^ 
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second differential coefficients of the dependent variable with 
respect to x and y. 

I may perhaps at some future day resume the subject, to- 
gether with an inquiry into the theory of the solution of the 
partial differential equation of this paper, when the conditions 
under which the auxiliary equations (i), (ii) are supposed to 
be integrable are not satisfied, 

9. Note. It may be desirable to establish directly the 
converse form of one of the results of Proposition iv. For 
this object we shall shew that the equation of the envelope of 

« = ^ (a?, y, a, b, c) (1), 

where a, J, c are connected by any two conditions of the 
forms 

yjr (a, i, c) = 0, x («» *» ^) = ^> 

will satisfy a partial differential equation of the form 

Br+ 88+ Tt+ Uia^'-rt) = V (2), 

in which also 

Differentiating (1) we have 

_d<i> d<f> da d^ db d<f) dc 
^ dx da dx db dx dc dx 

_ d^ d<f> da d<f) db d^ dc 
^ dy da dy db dy dc dy 

and by the nature of an envelope these reduce to 

d^ d^ 
-P dx' ^ dy W- 

Again differentiating these equations with respect to x and 
y, and writing for simplicity 

Zi=^ -^=5 ^^c 

dadx ' di>dx ' dcdx ' 

^'<^ _j» d^^ _jgf d^(f> ^ ^, 
dady ' dbdy ' dcdy ' 



ART. 9.] OF THE SECOND ORDEK. 173 

we have 

"" da? dx dx dx^ 

__ d*0 . da -n^ ri^^ 
dxdy dy dy dy ' 

g = ^'^ I A ^^ \B^^ i C '^^ 
dxdy dx dx dx^ 

dy" dy dy dy* 

Hence we find 

\ dxdy) K dxV\ df) 

"xdy dy dy)\ dx dx dx) 

\ dx ax dx) \ dy dy dy, 

da dh da dV" 



^ ■ \dy dx dx dy) 



\dy dx dx dy) 

\dy dx dx dy) 

Now since a, J, c are connected by two conditions, so that 
h and c are functions of x and y only as being functions of a, 
we have 

da db da db _^ db dc db dc _^ 

dy dx dx dy~ ^ dy dx di rfy"" ' 

dy dx dx dy^ * 



174 PARTIAL DIFFERENTIAL EQUATIONS. [CH. XXIX. 

Thus the above equation reduces to 



or 



dy* dxdy da? da? dt/* \dxdy/ '"^ ^* 

This equation is of the general form (2). Its coefficients 

-j-^ , &c. are determinable as functions of a?, y, z, p, q when 

the form of the complete primitive (1) is given. For this 
purpose the complete primitive with the two derived equations 
(3) suffice. 

Again, comparing (4) with (2) we have as the conditions 
of their equivalence 

B 8 T _^ V 



-2 



) 



dy* dxdy do? da? dy* \dxdy 

conditions which suppose JS, 8y T^ Uy V connected by the 
relation 

/8f*-4(JSr-ErF) = 0. 
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CHAPTER XXX. 



ADDITIONS TO CHAPTER XVII. 



[The present Chapter consists of additions to Chapter xvil. 
Art. 1 was intended to follow Chap. xvii. Art. 1.] 

1. The theory of the solution of linear differential equa- 
tions in a series flows very beautifully from their symbolical 
expression. It is usual in treating this subject to assume the 
form of the series, and deduce from the differential equation 
the law of its coefficients ; but the symbolical form of the dif- 
ferential equation determines in reality the form of the solu- 
tion as well as the law of derivation of its successive terms. 

Let us begin with the binomial equation 

/.(2))«-/.(i>)6'*« = 0. 
Operating on both sides with {/,(Z>)}~^ we have 

in which *(^^=|(i- 

Hence {1-0 {D) ^}u = {/, (i))}"'0. 

Now {^(Z>)}"^0 will be determined by the solution of a 
linear differential equation with constant coefficients, and will 
be necessarily of the form 

AF+BQ+CB+..., 

in which -4, -B, (7, ... are arbitrary constants, and P, Q, jS, ... 
are functions of the independent variable. 
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We have then 

{l-<l>{D)^0]u = AF+BQ+CB+..., 
therefore m = {I - ^ (2>) c'"}-' (AP+BQ +CB+ ...). 

Now let us represent (j>{D) g'* hj p; then 
u-= {I- pY^ {AP+BQ -^ GB+ ...) 
= (l + p + /j» + /)'+ ...) {AP+BQ+CB+ ...) 

= ^(H-/j + /)'' + p' + ...)-P 
+ B{l+p + p' + p'+...)Q 

+ C(l + p + p^ + p'+...)B 

+ ... 

Eepresent the first line of the above expression by w,, 
then since 

p« = ^(Z>) €'^<f>{D) €'^...m times 

= €'^V(2) + 7wr)^(2) + wr-r) ^{D + r), 

we have 

in which it only remains to perform the operations indicated 
by ^(I> + r), by ^(2) + 2r)^(i> + r), ... on the function P. 

Let us in the first place suppose the symbolic function 
/, {D) to be of the form (2) - a) (2> - J) ... ; then 

{/o(^)ro = ^e«« + ^e'^ + -- 

Here P= e"^. Hence substituting in the above expression 
for Uy and observing that/(i>) e^=^f{n) e^, we find 

or, since e* = oj, 
u^ = Ax"" {1 + ^(a +r) aj*'+ ^(a + 2r) 0(a + r) «*•+ ...} ; 
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and 

u ^Ax'' {1 + (f>{a + r) x"" + <t>{a +2r) (l>{a + r) a?^ + .,.} 

+ -Bx* {1 + <t>{b + r)af+ ^{b + 2r) (f>{b + r) a^+ ...} 

the solution sought. 

Consider now the general equation 

Here we have, representing "^^Y-w^ by ^^(2)), 

{1 + .^,(2>) 6» + .... + ^,(Z>) €"•}« = {/,(i))}-^0; 
therefore 

«={i+^,(2))6»+ .^.(i))6«r{/o(^)ro. 

Here we have first to determine {y^(i>)}"^0, then to deter- 
mine the eflfect of the operation represented by 

upon this. 

Now {fo{I^)}'^0 is given by the solution of a linear diffe- 
rential equation with constant coefficients, and will therefore 
be of the form 

AP+BQ+CB+ ..., 

A, By (7, ... being arbitrary constants, and P, Q, B, ... func- 
tions of 0. 

Again, since 

. {1 + <I>,{D)^ + + <l>n{D)e^V 

^ 1 

l + <f>^{D)e' + + ^,(2>)6«^' 

it may be shewn by a process of actual a^ic^i^via^. ^vnss^aw^ 

JB.D.E. II. YL 
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attending to the laws of combination of symbols, that the 
expression may be expanded in the form 

To determine the functions F^{D), F^{D), we may 

proceed as follows. From the equation 

we have 

l^{l+<f>,{D)^+...+<l>^{D)e-^}{F^{D)+^^^ 

^F^{D)+{F,{D)+<t>,{D)F,{D^l)}^+ (1). 

Hence i^,(2)) = l, 

F,{D) + <f>,{D)F,{D-l)^0; 
therefore F^ {D) = - ^, (2)) i?; (i> - 1) , 

and so on. Hence FAD)^ ^i{^)} ^^® determined In suc- 
cession. The general law is as follows: the coefficient of 
^^ in the second member of (1), when m is greater than 1, is 

whence 
F„{D)^-<l>,(D)F^,{D-l)-<l>,iD)F^{D-2)-.... 

By this fonnala the successive values of F„{D) can be 
deduced from those of F^^ (2)) , F^^{D),.... 

Combining the above results we obtain thus for « the ex- 
pression 

u = {l + F,{D) ^ + F,{D) e^+ ....}{AP+£Q + ...} 

= A{P+F,{D)^P+F,{D)e^P +....} 

+ B{Q + F,{I))e<>Q + F,iD)^Q + ....} 

Let us in applying this expression first suppose that the 
factors of /o(2>) are real and unequal, so that /qID) is of the 
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form (2> — a) {D — h) (i) — c).... Furtter, let us suppose that 
no two of the quantities a, &, c, .... diflfer by an integer. 

Then {f^{D)}-'0=^A^-\'B^ +...., 

whence we may assume 

P=e^, (2 = 6^,.... ' 
Thus the expression for u becomes 

+ B{^ + F^{D) 6^^')' + F^{I)) €<^><^+ ....} 
t^ • • •• J 
or, since F{D)^ = F («i) e^, 

M = ^ {€««+ i?; (a + 1) e'"*')* + i?; (a + 2) €<"*'»+... .} 
+ B{i>» + -F, (5 + 1) 6<"')» +F^{h + 2) €"«;• +....} 

"l" • • • . 

Hence, replacing «* by oj, 

u = A{r^ + F^{a + l)x''*' + F^{a+2)af^-\-....] 
■\-B{al' + F^{h + \)a?*' + F^{b + 2)a*"+ ....} 

In (2) replace in like manner D by a + « and we have, 
putting i for «i, 

2^«(a + t) + ^i(a + i) i?L.(« + * - 1) 

+ ^,(a + i)i^t^(a+«-2) + =0, 

4 

or, if Fi{a-\-%) be represented by u^^^ 

«*«+<+ ^i(«+ 0^0+1-1 + ^2 (a + *V«+«-a+ = 0. 

Put m for a + 1, tlius 

«*m+ ^1 Wt*«-i + <^8W w^3+ = 0. 

This agrees with the law established in [there is no refer- 
ence in the manuscript, but the law intended appears to be 
that given in Chap. xvii. Art. 9.] 
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Secondly, suppose that r of the factors of ^(2>) are equal 
and of the form D--a. 

Then l^(^)l"^0 contains a term of the form 

Hence the corresponding portion of u is of the form 

|l + i^,(2))€^ + i^,(2))€=^+...J€^(c, + c,5+ + c,.,r-^) 

==|6««+ 6<-«)^i?;(i) + a + 1) + €<-^)^2^,(2) + a + 2)-l-...l v...{Z) 

where v stands for % + cjd + c^fP +.... + Cy_l^"^ 
Now Fi{D-\-a-\-i)v 

= |2^,(a + l) + J?;'(a + l)i) + J?;"(a + l)^^+....U, 

which on performing the diflferentiations becomes a polyno- 
mial of the form 

A + A^+ +^r-i^'. 

We see thus that (3) will assume the form of a series of terms 
€*^, e^""*"^^^, .... each multiplied by a polynomial of the (r — 1)*** 
degree in 6, Or arranging the terms otherwise it will con- 
sist of a series of terms of the form 

B, + B,e^ +^..,^-^, 

in which B^y -B, , B^_^ are series involving €*^, e^'^^^^ 

€<'*"*^^ Or lastly, changing e* to a?, the portion of te in 

question is of the form 

5, + 5, (log a;) + +4^, aog xr\ 

-B^, jBj, .... -B.J being polynomials in each of which the lowest 
power of X is a;*, and the successive powers increase by unity. 

This establishes the assumption in [there is no reference 
in the manuscript; probably Chap. xvii. Art. 10 is to be 
supplied.] 
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Thirdly, let /, (D) contain r factors D — a^^D — a^y,..D — a^ 
in which a^, a^, ... q^ diflfer from each other by integers, toge- 
ther with other factors. 

The portion of u corresponding to the factor D — a^ will be 

in which 

F^ {D) €»^ = - |<^, {D) ^F^, {D) €(«-')^ 

Thus F^ {D) 6*"^ consists of terms of the form 

i being one of the numbers 1, 2, .... n. Hence i^,(i))6^'*"')* 
will consist of terms of the form 

j being one of the numbers 1, 2, ... w. Continuing this until 
i-\-j + &+... = m, we see that F^{D) e^^ will ultimately con- 
sist of terms of the form 

^,(2))6%(i))e^^*(i))€^..., 

«,y, A?, ... receiving arbitrarily any of the values 1, 2, ... w, 
and z+J + A;+ ... being equal to m. 

Thus the portion of u derived from A^^ will consist of 
all possible terms of the form 

A4>m e^<f>j{D) e^<f>,{D) 6*^... {^^ 
^A<i>,{D)<t>i[D^i)4>,[D-i-j)....e^'^*'' 

_ AMD)MD^{)MD^i^j)... 

" /o(i>)/o{2>-0/o(l>-t-jV-' * 
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Let i = a, i+j^fiy «+y + i+ excluding the last 

term == fi ; and let the symbolical numerator which involves 
only direct functions be represented hjf{D), and we have 



/.(i))/.(2)-a)/,(i)-y3) ...../.(!>-/.) 



g(m+«^tf 



in which a, jS, .... fi, m are integers ascending by differences 
not exceeding n. 

[A few lines of the manuscript here are obscure, and I 
venture to express in other words the idea which seems to be 
involved. 

Let D — a, denote one factor of /^(i)), fhen the correspond- 
ing factors in the denominator of 

J/(Z)) eC"^*" ... 

/.{2>)/.(i>-a)/.(i>-/9) ....MD-M,) ^*^' 

are {D — a^) (i>— a,— a) {D — a^ — fi) (5). 

Now if a, is not greater than a^, then a^ + fi is less than 
a^+m; hence no factor in the expression (5) can be identical 
with D — m — a^. But if a, is greater than a^, then one fac- 
tor in the expression (5) may be identical with D — m^a^. 

Hence it follows that the denominator of the expression (4) 
may contain D — m — at to the power r — 1, but not to a 
higher power.] 

And, since 

we see that u will contain r sets of terms together of the form 

^ + jB(logaj) + (7(loga?)^+ + Ki^ogxY'\ 

-4, By C... being polynomials in x. 

This establishes the rule in [there is no reference in the 
manuscript; probably Chap. XYII. Ait. 10 is to be su^^lied.] 
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[There is no hint in the manuscript as to the position 
which Article 2 was intended to occupy ; and the reasoning 
does not seem fully developed.] 

2. Prop. The solution of the equation 

/o(^)^+/x(^)^'^+ +X(i>)€^i* = 

being expressed in the form 

{1 + F,{I)) ^ + F,{D) 6«+ ....+} {/,(i))}-'0, 

it is not necessary to introduce new constants in interpreting 
jP'j(J5), .... ; it suffices to interpret particularly if only uni- 
formly and consistently. 

For let 

{/o(^)ro = -4P + 5(2 + ; 

and in interpreting 

F^{D)^-^{AP+BQ^ ) 

let a new constant be introduced which was not in the inter- 
pretation of 

i^^,(2>)€<'«-^)«(-4P+i?e+ ). 

Now F^ (J5) ej + ^, iP) e^F^^ {D) e^"-)^ 

+ <f>,{D) e'F^iD) €(-^^ + = 0, 

therefore 

F„ (D) e-" <!>, {D) ^F^, {D) eC"-')* - . . .. ' 

hence the new constant comes from {^(^)}"*0, and the term 
containing it must be A'P^ or JB'^, ...., where A\ 5* .... are 
constants. Suppose it A'P ; 

then as derived from this, 

F^, {D) eC-')* U (D)}- = - ^1 (Z)) eM'P, 
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Thus i^(^„ (i>)6<«^» ^P) €*i^^.6<"**-'>» 



The law of derivation is exactly the same as in the deri- 
vation of Fi {D) €^ from i^, (J5) ^'-')\ 

[Art. 3 seems intended for a reconstruction on an extended 
scale of part of Chapter xvii. Art. 3.] 

3. We proceed to consider more fully the theory of the 
binomial equation 

Now the possibility of solving the equation depends upon 
the nature of the symbolic function j>[D). It is perhaps the 
most general account of the present state of the theory to say 
that there exist certain primary forms of this function which 
render the equation solvable, and that to each of these pri- 
mary forms an infinite number of the forms are reducible by 
general theorems of transformation. As these theorems 
admit of a statement which is independent of the form of the 
function ^(J3), we shall establish them first. 

Pbop. II. The function <f> [D) in the equation 

can without otherwise changing the first member of that equa- 
tion be 1st affected with any constant factor, or 2ndly con- 
verted into <f>{D + a), or Srdly converted into {^ (— D)}~^. 

First. Let U=f{^), and in the equation 
let €* = Q^^\ Then jg = jg> > ^^^ the equation becomes 
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in which D^-^,. Thus ^iP) has been affected hj a con- 
stant factor a. 

Secondly. In the same system let u = e^v. Then 

6«^v + <^ (2)) €t»^)«t; =/(€«), 

or e^v + ^^ {B + a) e'^v =/(^), 

therefore v + ^(2) + a) c^^v = e'^^fi^. 

Here ^(^) has been changed into <f>{D-{-a). 

The result of this transformation may be conveniently ex- 
pressed by the following theorem. 

The equation 
will he converted into 

hy the relations 

Thirdly. In the same equation let ^ = — ^' ; then 

d0' dff' 
and we have 

in which ^ ~ ^^ • Hence 

^ + e-'^'<^{-(i)-r)}z*=/(6-^); 
therefore e^u + (j>(r — D)u= 6*^/(6"^, 

whence w + {^(r-J9)}-^€*^w = \4)(j-~ D^VH^ i^-% 
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In this equation let u = ^v. Then bj the last theorem, 

Thus 
is converted into 

in which, D = -^ , hy assuming 

^ = -^, u — e^v. 

The above transformations leave the index r in the first 
member imchanged. If however we assume ^ = — , whence 

ZTh'^^'iff i ^^ should have 

w + 0(a2))e«'=/(e^). 



By combining this with the previous results we see 
that it is possible to convert 6(J3) into A(aD+ J), and into 

But the most important transformation of the function ^ (J9) 
is that which is established in the following proposition. 

[The proposition referred to is Prop. ill. of Chap. xvil. 

Art. 3.] 

[Article 4 was intended to follow the words " or subse- 
quently in the derivation oft*" in Chap. xvii. Art. 4.] 

4. It becomes therefore important to establish rules for 
the treatment of the constants which in these different ways 
arise. 
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Now the entire process of solution consists of three stages, 
namelj : 

1st, the determination of V by the equation 

2ndly, the solution of the transformed equation 
Srdly, the determination of u by the relation 

Let us consider these separately, supposing ^ (D) to con- 
tain a single factor y: — ^ which is made to disappear in the 

feneration of '^[D)^ so that a and h differ by a multiple of r. 
^hus the given equation is of the form 

u-^i^{D)e»u^U ; (6). 

The transformed equation is of the form 

in which t*=P,^t;, V^^Pr^^U. 

First, suppose a — 5 = wr, where n is positive. 
Thus 

u={D + a) {D + a-'r) ... {D + a-nr + r)vy 
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Hence 
w=(i) + a)... (i) + a-nr + r){l-r'^(i))€V^ 

where C^ is a particular value of 

|(2)+a)....(i) + a-nr + r)| U. 

The part containing the constants will consist of terms of 
the form 

{D + a) ... {D + a-nr + r) {1 --^(2)) e*^}"' Ce'^''-"^ 



= (2> + a) (2) + a - r) ... {D + a.'-nr + r) \l+^|r{D) 



^TB 



.-la'-ir)0 



+ ^ (2>) e'-^'^ (i>) 6*^ + . . .1 (7e-(«- 
=r C{D+a) (Z> + a - r) ... (2)+ a - nr + r) L-^^-*"")^ 

+ yjr {D) 6-(«-*'-^)« + -^ (2)) f (i) - r) etT^r-s-)* + , , I 

Now all these terms vanish up to the one containing 
^-ia-nrye . thcrcforc we have to perform the operation 



{• 



(7(D + a) {D + a-r) ... {D + a-nr + r) on 

U (D) ^lr(D-r)...^{D -jr) e"*""")* 

+ y{r{D)yji'{D - r) ... f (Z> -Jr-r) e^'-^^' +....[, 

where J = n — i—l; that is, we have to perform the operation 
C {B + a) {D + a-r) ... (D + a-nr+r) on 

. -.^ (2>) -f (2) - r) . . . -f (i) -Jr) €"(•-"''• 
+ f{D)i•^fr(D)...f {D -jr) €-<"-"')• +....!. 



,B 
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Now '>\r{D)'>\r{D'-^r)...'>^r[D'-jr)€<'^^ 

= -^ {nr — a) -^ {nr — r — (i)..,'^{nr —jr — a) e""(^"*l^ 

therefore we obtain 

= 5(7(2) + a) ... (i> + a - nr + r) jl+'^(2>) e^ 

Thus this expression is the same in form for all values of 
t. Therefore all the terms containing an arbitrary constant 
in (7) are equivalent to only one term. 

Secondly, suppose a — J = — nr. 

Then w = j(i> + J) (Z> + J -r) ... (Z> + S - nr + r)l \, 

V=(P + h){D + b-'r) ... {D + h-nr + r) U. 

Here there are no constants in F. But w contains n arbitrary 
constants not in v, and as there is no subsequent process in 
the method for destroying these or reducing them to mutual 
dependence, it is necessary that the relations connecting them 
should be sought by comparing the solution with that given 
by the method of development in series. 

Note. It would be better to reduce (6) to the form 

before the demonstration. 

[Article 5 was intended to follow Chap. xvii. Art. 7. 

There is a memoir by Professor Boole on the subject of this 
Article, entitled On the Differential Equations which deter- 
mine the form of the Roots of Algebraic Equations. The 
memoir occupies pages 733 — 755 of the Philosophical Trans- 
a^itians for 1864.J 
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5. If we agree to regard z& primary those forms of bino- 
mial equations which are integrable but not through any 
reduction effected by the Propositions of Art. 3, and to which 
equations through the application of those propositions other 
equations are reducible and so made integrable, it becomes 
very important to enquire what these primary integrable 
forms are. It does not appear at present possible to give a 
general answer to this question, but so far as is known, such 
forms if belonging to differential equations of a degree higher 
than the first stand in. a remarkable connexion with the 
theo^ of algebraical equations. By the study of this theory 
Mr Harley was led to the conclusion that y defined as an 
implicit function of x by the algebraical equation 

y*— ny + (w — l)aj = •••(8), 

n being greater than 2, satisfies the binomial differential 
equation 

(i, _ !!?^l) (2, _ 3^) ... (i> _ ^IZ^) 

in which e^^x. In this expression the factors of the nume- 
rator are equidifferent, as of the denominator, their common 

w — 1 
difference being , but the equation is not resolvable by 

Propositions ii. and ill. into forms, the integrability which 
had before been recognised. 

The above result first reached by induction was confirmed 
by Mr Cayley by the aid of Lagrange's theorem. 

To the form (8) all algebraic equations of the third, fourth, 
and fifth degrees are known to be reducible. 

Mr Harley has subsequently found that y considered as a 
function of x defined implicitly by the equation 

3^" - wy**-' + (w-l)a; = 

satisfies the symbolical differential equation 
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the factorial notation according to which 

[m]* = 7n(wi — 1) (w» — 2) ... (w — w + 1) 
being here adopted. 

These results are implicitly involved in a more general 
theorem which I shall now demonstrate. 

Theorem. If y^, y^ y^ are the n roots of the algebraic 

equation 

3r-«/"'+l = 0, 

and if the m^ power of any one of these roots be represented 
by u, and log a by 0, then u as a function of satisfies the dif- 
ferential equation 



u — 



I n n 

\p[ 



•-* fD m 



\n n J 



e'^u = 0. 



And the complete integral of the above differential equation 
will be 

n^Gjf^'-vG^r +c;yn" 

Let y" = z, then the given equation may be expressed in 
the form 

n-l 

z^^b + az"" J 
in which S = — 1. Hence, by Lagrange's theorem, 

m m n— 1 J m 



1 d ({ ,2=1Y ^ x?l f 



the general term being 



i:t,(irF)l-l. 
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[< 



which on effecting the differentiationfi»ary those forms ottHim 
torial notation becomes *^ but not throng! 

•^ ^u i\^ "T-i ^^ ^^- 3» ^^^ to ^ 

m + (/I — ij r 



m 



n 



H^ 



l *»\ose propositions { 

iJegrable, it beft^ 

T)rimar7 inteA' 
possible to S J 



and this expression will be found to represents :« tno-BB^lii 
as well as tne others of Lagrange's expansion ^ ^p^-go /jjg 
we interpret the form Snwim^ 

M« Ij 1. and [pr by j^ . *^t 

Further, the above general development includes t) 

particular developments of u or y** arising from the giving 

to 5* its n particular algebraic values. In this way it repre- 
sents the m^ power of each of the n roots y^, y^j ^« in 

succession. 

Now representing the above general term by w^a**, we shall 
have 



m 



Wr = 



771 + (n — 1) r 



n 



]r—l in- 



m 



Ur^n = 



n [rY 
'm+ (n — l)r 



n 



-A 



r-n— 1 vnr-r 



+1 



n [r— w] 



r-n 



Therefore, after reduction and replacing 6 by — 1, 



w. 



n 



u, 



r-n 



W 



(9). 



It follows therefore that the complete series of which the 
general term is u^dr will if represented by u satisfy the diffe- 
rential equation 
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n 



TW 



\n n I 



€^l* = 0...(I). 



integrate the equation in a series (Chap, xvii. Art. 9), 
inik &1 terms of the value of u will be 

Co+ Gfl^Gfi^ + G^^or\ 

icceeding terms being formed from these by the law 

Hence, if the arbitrary constants C^C^ C'ji-i be so 

irmined as to make the above initial terms agree with 

y first n terms of the Lagrangean expansion in any of its 

[iirticular forms, the succeeding terms will also agree, and 

Lagrangean expansion will thus become a particular inte- 

^gral of the equation (I). The aggregate of such particular 

'integrals, each affected by an arbitrary constant, will therefore 

also be an integral of the differential equation, and will, in 

fact, constitute its general integral, subject to exception only 

in the case in which for a particular value of m the integrals 

^A y%^ y^ cease to be independent. 

For instance, if m = — 1, and we reduce the equation to 
the form 

it is seen that except when w = 2, we have 



/ 



Here then the solution 

w= ^;yr+ G^r + c^«yn" <:-.. ao) 

ceases to be general for it becomes 

and virtually involves but n — \ arbitrary constants. 
If, however, we give to the integral the form 



«= ^^r+ cf^."-..+ ^^.yVx+ ^.^^^^^•-. 



B.V.B. II. 



\% 
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the last term of which becomes a vanishing fraction when 
wi = — 1, we find for the general value of u in this case 

+ Cn (yr' logyi + y,"" log2^, +y«"' logyO, 

and in this way we may proceed in failing cases generally. 

Lastly, it may he observed that in certain cases the differen- 
tial equation (I) admits of reduction to an order lower by 
unity than its own. And inparticular this happens in the 
failing cases above noticed. Thus, if in (I) we make w = — 1 
the equation will be expressible in the form 

D(D-l)...(D-w + l)w 

wL n n J ^ ' ' 

whence, operating on both members with (Z> — w + l)~^, we 
have 

1 fn — 1 1 '1*^^ 

ipr-^u - i ^?— ^ D - i ^ 1 €*«e^= (7e<"-')«. 
'- -^ n\_ n ^ J 

The general integral of this equation will be expressed by 
(10) provided that a proper relation be established between G 

and the constants G^, 0^, (7«. If we choose to determine 

G so as to give to the integral the particular form ^"\ we shall 
find on substituting for u its Lagrangean development making 
«t = — 1, J = — 1, and calculating the coefficient of a"^^ or 
^n-i)e [j^ jTj^Q fij.gt member of the differential, 



n 



Hence, if n be greater than 2, we have (7=0. It follows 
therefore that if n be greater than 2, the equation 

^^r'u-l\~^i>-^-iY^u=o (II). 
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in which ^^a has for its general integral 

y^, y^, y^j being any n — 1 roots of the equation 

It may be nsefiil to notice the forms which the above 
results assume when is changed into — 5, and therefore D 
into — -D ; see Art. 3. 

It will be found that (I) becomes 

u-Y—{ — ^ ^J^i^h r^«* = (Ill), 

L ^ TiJ \w n/ 

of which the integral is therefore 

^=0,y,^+C^,^ + CLyn", 

y^, y^, y^ being the roots of the equation 

y-_i2,-i + l = (11); 

and log a being denoted by ; 



while as the equivalent of (II) we have 



u — n 



^^^^^^.e^-O 



«-^i) + i 



(IV), 



of which, supposing n greater than 2, the integral is 

y^^y^t yn-i being any n — 1 roots of the same algebraic 

equation. 
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Mr Harley's results may readily be deduced from the 
above. Thus it will be found that the equation (11) re- 
duces to 

r - 71^ + (» - 1) a? = 
if we make 



«-l n— I 



y-^ = (n - l)~"a;"- 1, a= ^" ^^'' '^'^ . 



Hence, making aj= €*' and representing -^, by i>', we have 
for the transformation of (IV) 

n-l • 



[n -1) » _^V 
n 



(^ = -^ ' € , 



71—1 



1 -^ 
t* = (W - 1) •» € * U 



Substituting and multiplying the result by €»», we find 



which is Mr Harley's first equation. 



If in (I) and (III) we make 1 = a, whence m^n — na, 

it 

and at the same time change a into ah *, and y into yb *, we 
shall obtain the following somewhat more general statement 
of their united import 
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The differential equations 

w-1 



D-a 



n 



«4 m 



n-l 






r [i>-lT 

u — o ^ ="- 






-^t^ = 0, 



arc both satisfied by the general integral 

when y^^y^f •"•yn «^^ the roots of the algebraic equation 

y-^ay^+b = 0, 
provided that for the first equation a = €*, and for the second 

If w = 2, the above equations assume the forms 



i(f ~")(¥+"-^) 



" 5 Z) (i) - 1) 






6. [The two principal papers by Mr Harley on the dif- 
ferential equations exhibited on page 190 are the following : 

(1) On the Theory of the Transcendental Solution of 
Algebraic Equations, Quarterly Journal of Mathematics^ 
Vol. V. pages 337... 360. 

(2) On a certain class of Linear" Differential Equations* 
Manchester Memoirs. Third Series. Yo\» l\* ^^^<5S»*1^'^.»*^^ 
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In a letter bearing date January 13, 1864, Professor Boole 
pointed out to Mr Harley that his second equation might also 
oe deduced from the general theorem discussed in Art. 5. 
Employing the above notation the deduction may be pre- 
sented in the following form. 

The equation (11) will reduce to 

r-w«'^ + (n-l)a? = 0, 
if we make 

y = (n - l)"»aj"*^, a = - (n - ifoF; 

and for the transformation of (III) we have 

1 -' ^ 

c« = -(w-l)"€", D^nD\ 

fit ^/i» 

These substitutions being effected we arrive, after some 
slight reductions, at the following equation, 

n"[(n-l)2y-m]""'^'«*'-(»-l)[»-O'-»»-l]*€^**' = 0, 
which, making m = l and u = t, gives 

n*[(ri- 1) 2)'-.l]»-^i?'^- (w- 1) [n2)'-.2]V« = 0, 

an equation which admits of reduction. In fact, operating on 
both members with (2/-- 1)"^, and determining the constant, 
as in the former case, by the aid of the Lagrangean expansion, 
we find 

^«-i [(^ - 1) jyy^t - {niy - n - 1) [nD' - 2Y'^eU = [n - 1]»-^€^ 

which is Mr Harley's second equation. 

The references and deduction here given were to Jbave 
been added to the memoir which is cited in page 189, ac- 
cording to Professor Boole's desire; but by some accident 
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they were not printed, and the omission was not discovered 
until after his death. 

Mr Harlej has lately succeeded in obtaining the fol- 
lowing extension of Professor Boole's theorem. 

The differential equation 



u 



Xj- + 1 \- x-^ 1 aj*^w = 0, 

n ax n J [n ax n J 

is satisfied by the m^^ power of any root of the equation 

y* - a?y""'' + a = 0, 

u being considered as a function of x. 

From this he deduces the following ; the differential equa- 
tion 

,rn-r d m1"-T d^ 
L r aa? rj L ^^J 






is satisfied by the m^ power of any root of the equation 

y* - ny""*" 4- (n - 1) a? = 0. 

For the materials of this Article I am indebted to Mr 
Harley.] 
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CHAPTER XXXI. 



THE JACOBIAN THEORY OP THE LAST MULTIPLIER, 



1. A SYSTEM of n differential equations of the first order 
and degree containing 7i 4- 1 variables admits of n integrals 
of the form 

Wj, Wg, ... w« being independent functions of the original vari- 
ables. When n — 1 of these integrals have been found they 
enable us to eliminate n — l variables, with their differentials, 
from the given system of equations, and so to obtain a single 
final differential equation of the first order between the two 
remaining variables. The final equation admits of being 
made integrable by a factor, and its solution so found would 
constitute the n}'^ and last integral of the system. We pro- 
pose in this Chapter to develope the theory of the above 
integrating factor as established by Jacobi.. The term * prin- 
ciple of the last multiplier,' which is more usually employed, 
seems objectionable; for the essence of Jacobi's discovery 
consisted not in demonstrating the existence or the nature of 
the last integrating factor, but in the peculiar form of the 
method which he gave for its determination, and in the rela- 
tions which are implied in that form. The discovery may be 
briefly said to consist in this; viz. that instead of forming by 
means of the n — 1 known integrals the final differential 
equation between two variables and applying methods analo- 
gous to those of Chap, v., to determine its integrating factor, 
we construct antecedently to all integration a linear partial dif- 
ferential equation of the first order, any one integral of which 
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v/ill enable us to assign an integrating factor of the final difier- 
ential equation, whatever the order of the previous integrations 
may have been. Again, this partial dififerential equation de- 
pending for its construction only upon the form of the system 
given, we can often by examining it affiim beforehand that if 
all the integrals but one of the system be in any way founds 
the final integral will be deducible by quadratures. This 
happens in the case of the most important of all systems of 
differential equations — that of Dynamics. 

Further, an ordinary differential equation of the n^ order 
being reducible to a system of n differential equations of the 
first order, Jacobi's theory may here also enable us to pre- 
dicate the possibility of the last integration when the previous 
integrations have been effected. 

Beginning with a single differential equation of the first 
order reduced to the form 

dx _ dy 

in which X and Y are functions of the two variables x and y, 
we know by Chap. V. that the integrating factor fju will be 
given by the solution of the partial differential equation 

^-H%3 = (1), 

dx ay ^ ' 

the form of which should be carefully noticed. 

Consider next a system of two differential equations of the 
first order expressed in the general form 

dx dy dz ^ v 

T=T=:r ^^^' 

X, F, and Z being functions of the three variables a;, y, z, and 
suppose one integral, represented by 

i>{oc,y,z) = c (3), 

to be known. The function (f> (a;, y , z)^ ox, ^^^^ ^^ '^i:^:^^'^^^ 
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it for brevity, ^, will obviously satisfy the partial differential 
equation 

^i+'-f+^S'" «• 

of which indeed the given equations form the Lagrangean 
auxiliary system ; see Chap. xiv. 

If from the given integral we determine «? as a function of 
X, y and c, and substitute its value in the first of the given 
differential equations, viz. 

dx ^dy 

the latter will be converted into a differential equation be- 
tween X and y. But we may leave to the equation its prior 
form, provided that we regard X and Y as functions of the 
variables x and y, both explicitly as they appear therein, and 
implicitly as they are involved m z. And this being so, the 
equation (1) will become 

d [fiX) d ifiX) dz difjuY) d(,iY) dz^^ 
dx dz dx dy dz dy 

The values of -r- and -t- in this equation must be found 

ax ay ^ 

from the known integral (3) ; they are 

dz ^ d(f> ^ d<f> dz __ d<f) ^ d<f> 
dx^ dx ' dz^ dy dy ' dz^ 

substituting which we have 

d{tiX) d<f> d{fiX)d<f> d(fjLY) d<f> d {fiY) d(f> _ ^ ,^. 
dx dz dz dx dy dz dz dy 

This then is the partial differential equation for determin- 
ing fi. But the construction of this equation supposes 6 to 
be known. We propose to shew that fi can be determinea by 
a process in which the only partial differential equation to be 
solved can be constructed without the knowledge of <^. 
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Since by actual differentiation 

~( A ^ \ ^f A ^^\ — ^^ ^^ ^^ ^^ 

dx \ dz) dz \ dxj "^ dx dz '^ dz dx ^ 

it follows, writing fiX for J., that 

d (fjbX) d^ d (fjbX) d<f> _ d f x^^^ — ( Y^\ 
dx dz dz dx^dxy dz) dz\ dxJ' 

Similarly 

d{fiY) d(l> d(jiY) d^^d f y^^^ — f Y^] 
dy dz dz dy dy\ dz) dz\ dy)' 

Lastly, we have 

-5K)-IK*)- 

Now adding the last three equations together we see that 
the first member of the result vanishes by (5) : we have thus 



dx 



-I('^f)-IK^)-I('^t)-''- 



The second line of the first member is equal to 
and therefore vanishes by (4). There remains then 



dx 



{'^Hi-'^hii^t)"'- 
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I 

Hence if we put 



we have 



d<l> ,, 



d(MX) ^ djMY) ^ d{MZ)_^ . 

dx dy dz ^ '* 



If then by the solution of this equation a value of M dts^ 

M 
ttnctfrom be found, the function -r? loiU be an integrating 

Tz 
factor of that final differential equation ichich remains when z 
has been eliminated from the system (2) by means of any 
knoum integral ^ = c. 

It will be observed that the equation for M is analogous in 
form to the equation for fx in the previous system. And this 
suggests the form of the general theorem. 

Thus proceeding to the case of a system of three equations 

dx ^dy _^dz __dt 

we see that if 

'^{^,y,z,t)^c 

he a known integral, -^ therefore satisfying the equation 

then the system 

dx _^dy _'dz 

will virtually involve only the variables x, y, z^ since t 
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through the known integral "becomes a function of x, y, z. The 
equation (6) now becomes 

djMX) djiMX) dt d[MY) d{MY) dt 
dx dt dx dy dt dy 

d {MZ) djMZ) dt^^ 
dz dt dz ^ 



or putting 



dt ^ dsfr dyjr 
dx dx * dt '" 



djMX) df d{MX) d^ d[MY) df d{MY) dy}r 

dx dt dt dx dy dt dt dy 

d[MY) dylr d (MY) d^^Q 

dz dt dt dz ' 



and this is equivalent to 

dx dy dz dt 

and therefore becomes on rejecting the term in the second 
line by (7), and putting 

dt ' 

d{NX) ^ d(NY) ^ djNZ) djNT) ^^^^^ 
dx dy dz dt *" ^ 
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If from this equation a value of N distinct from be ob- 

N 
tained, then ^^'yry and therefore 

N 



ayft d<l> 
dt dz 



This is the final multiplier, i. e. the integrating factor of 
the final differential equation between x and y which remains 
when z and t have been eliminated from the given system by 
means of the two known integrals. In calculating fi from 
the above formula we must proceed as follows. The value of 

-^ must be found from any given integral -^ = c ; but that of 

1? must be found from another integral from which by means 

of the former one t has been eliminated. Thus the general 
forms of the integrals will be 

^ (a;, y, 2J, = c, 

^ (a?, y , z, c) = c\ 

Lastly, the values of -^ , -^ found as above, and that of 

N given by any solution (distinct from 0) of the partial dif- 
ferential equation (8) having been substituted in the expres- 
sion for fi, we must eliminate z and t from that expression by 
means of the two known integrals. The resulting function 
of X, y, c and c* will be the integrating factor sought. 

The reasoning above employed is in its nature quite inde- 
pendent of the number of the equations of the original sys- 
tem. The general theorem to which it leads may be thus 
stated. 

Theorem. The system of n differential equations 
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"being given, if a system of w — 1 integrals 

"be so reduced by elimination that the variable y^ shall not 
appear in ^,, the variables y^, y^ shall not appear in <^3, and 
so on, then the integrating factor /it of that final differential 
equation between x and y^ will be given by the formula 

M 



^Vx ^y^ ' <^y 



• • • 

el.ti 
n-1 



in which M represents any integral distinct from of the par- 
tial differential equation 

d{MX) djMY,) ,d{MY^)_ 
dx dy^ dy^ 

In applying this theorem the expression for fi must be 
freed from all the variables except x and y^ by means of the 
given integrals. 

This is Jacobi's theorem. On account of its great importance 
I propose to give another demonstration of it founded upon 
the Cfalculus of Variations. 

2. Second demonstration founded upon the Calculus of 
Variations. 

It will be most convenient to present the proposed systenj 
of differential equations under the symmetrical form 

dx^ __ ^2 _ _ ^« 

r^ — ~Y^ — •••• "xr" > 

the independent variables being a?,, x^, a?« of which 

Xj, Xg, .... X„ are any functions. We have thus w — 1 diffe- 
rential equations, and we are to seek the integrating factor of 
the differential equation which remains when by means of 
TO — 2 known integrals n — 2 of the variables with their diffe- 
rentials have been eliminated. 
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Suppose P= c to be any inte^^al of the system, then P 
satisfies, and it suffices that it satisfies, the partial differential 
equation 






(a). 



"n 



Now if in place of a?j, a^a, ....a;„ we introduce a new sys- 
tem of independent variables w^, Wj, .... w^ which are functions 
of the former, then we shall have 

.^dP^^^dP ^ ,. dP 
^'^i :/ ~ + ^3 ;t- «... + ^K 



dx. 



dx^ 



dx. 



_jjdP jj dP j^ dP 



t?M, 



C?M« 



C?W. 



?7 , Z^, .... ^ being functions of Wj, t/g, .... w„. And by the 
theory of the transformation of multiple integrals, 



where 



B= 



dii^ 


du, 
'" dx^ 


du^ 
dx, '••" 


du^ 

* * * 7 

dx^ 



The foregoing equation we may express in the form 
Si Xi-^ dXjdx^... dx^=^l -rj.-r—du,dui,...du^. 



Hence, representing by 8 an operation of differentiation 
which affects only the form of P as a function oi x^, x^, .,.x^ 
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or of u^y t«s, ....t«n> ^^^ ^ot the independent variables them- 
selves, we have 

S I -Xi -^ — dx^ dx^ .... dx^ ~ ^ I "z? 77 — ^^x ^^ • • • ^^'n> 

and therefore integrating hy parts and equating the portions 
on each side which remain under the sign of n-fold inte- 
gration, 

S| ^—^SPdx^dx2....dx^ 

Whence again transforming the integral in the first member 

. ^ p dXi ^p du^ du^ .... du„ 
J dxi H 

= S| -J- ('p]f>Pdu^du2..,.du^, 

and this being true quite irrespectively of the form of P, 
we have 

H ^ dxi dui \Il) * 

In this equation Jacpbi's theorem i# virtually contained. 
For let the given equation be multiplied by any factor. Then 
changing in the above X< into MZi, and t^ into MUi^ we 
have 

1 ^ diMX,) _^ d (MU,\ 
H^ dx, "^'duXH )' 

Hence, if if be determined to satisfy the equation 

B.D.K It. "V^ 
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we shall have 

^ii^-o » 

This is wholly independent of the relations connecting 
«j, Wa,...w» with a?j, aj,,....a;^. Now choose the w — 2 variables 
t/j, Wg, .... w^ so that Wi = Cj, w, = c,, .... w,^ = c,^ shall he 
integrals of the given partial diflferential equation (a). Then 
that equation transformed becomes 

of which the auxiliary ordinary equation is 

JZ,du^-^ U^du^ = 0. 

At the same time the equation {b) becomes 
d /M^^ \ d /M 



du^^ 



(f^-.)-s.(S^-)-- 



Hence -77- is the integrating factor of the preceding diffe- 
rential equation between u^^ and u^. 

Jacobi's theorem in its most general form is thus seen to 
be the following 

Theorem. If the system of diffei^ntial equations 

dx^ ^ dx^ _ dx^ 

be transformed by the introduction of a new system of vari- 
ables Mj, Wg, ....w„, so chosen that 

u.^c^j w, = c„ u^^c^ 

shall be integrals of the given system, then the final differen- 
tial equation between w^j arid u^ shall have for its integrating 
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M . 



factor -^, in which M is any function satisfying the partial 
differential equation 

dx, dx^ "** db. ' 



and H stands for the determinant 



du^ 



du^ 
dx^ 



du^ 



du^ 
dx. 



The form of Jacobi's theorem obtained "by the previous 
demonstration may be deduced from the above by choosing 
for w,^, w„ two of the original variables, for example a?,^, a?^, 
and transforming the integrals u^j u^, .... w„», so that u^ shall 
contain only x^ ... x^, u^ shall contain only x^..,x^y and so on. 



Examples. 

3. Jacobi has established bv means of the above theorem 
the very remarkable theorem that in any ordinary dynamical 
problem the forces depending not upon the time but upon the 
material constitution of the system, if all the integrals but 
two of the dynamical equations are found, the two remaining 
.integrals can be found by quadratures. 

1st. In a dynamical system of free points the forces act- 
ing upon which depend only upon the position of the points, 
we have if we represent the entire system of rectangular co- 
ordinates taken in any order by x,y,z,.., and the correspond- 
ing resolved forces divided each by the corresponding mass 
by X, F, i^, . . . the system of equations 



d^x Y- 






Xi^^'l 
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or putting 



• • • 



■J. _^ _dy __ dx' _ dy 
X y X Y 

Now as X, r... do not contain t we may consider first the 
system 

dx ^dy __ &;' __ dy 
X y XI 



and it is evident that if we can find all the integrals of this 
system, t will be given by the equation 



t 



=/t-«. 



a/ having been first converted by means of the supposed in- 
tegrals into a function of x. 

To determine the last multiplier of the system last written 
we have first the equation 

d^Mx") djMy') ^^^^ d{MX) ^ d(Mp _^^ 
dx dy '*" dx^ dy '" ' 

which since X, Y.., do not contain a?', y'... is satisfied by 
M=: a constant Giving to the constant the particular value 1, 
we see that if 

are w — 2 integrals of the system, and if by means of these 
we eliminate n — 2 of the variables and construct the diflferen- 
tial equation between the two remaining variables, the inte- 
grating factor of that equation will be -^, in which H is the 
functional determinant of u^^ u^^ .... u^. 
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2ndly. Suppose the system subject to a material connex- 
ion which establishes an equation of condition among some 
or all of the co-ordinates, if we represent the co-ordinates 
taken in any order and multiplied each by the square root of 
the corresponding mass by a?, y,... the corresponding resolved 
forces by i, IT, ... and the equation of condition expressed by 
means of the above modified co-ordinates by ^ = 0, the diffe- 
rential equations will be 

the transformation above employed reducing all the equations- 
to the same type. £See the next Chapter.] 

Making 

dx ^ , dy __ t 

di^^'r di^^'"' 

the system becomes 

y.__dx^dy _ dx dy' 

*■ ^ x+xf r+x^ 

dx ay 

and the Jacobian equation for M becomes 

d(Mx') djMy') ^j^(^+>^)} 
dx dy "" dx' 

dy 

Now ^ does not contain a?', y'.... Let us inquire whether 
it is possible to determine M also as a function of a;, y .... 
without x\ y.... so as to satisfy the above differential eqjiar 
tion. 
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The equation would become 

"^ dx ^y dy^"'^^\dxdx^ dy'dy^'-)"^' 
or if we write 

r d , d ^ 

X -n r V T" •••• = 0, 

dx ^ dy ' 

and irom this we mtist elimmate X. 
Now since ^ = 0, we have by differentiating and putt 

and again differentiating 

^ d^^y dt^^""^^'^y dxdy^'" 

d<j>di^d^ dy' _ 
'^dx dt ^ dy di^ "' 



or since 



dx^ „ d^ 
■^-^■*'^^'- 

^ d^^y df^-'-'^^'^^dxdy^" 

.+x^+r^ + .... 

dx ay 
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and diffeientiating with respect to x^ 



or if we make 



Similarly 






=«|+|«=»' 



Therefore 



ckc ax dy ay 

(dK_d^ dkd^ \q_^ 

^\dx' dx^dy'dy^'"')^"^' 

or 

• !• . ,. d\ dS . {^ d(k , 

and now elimmatmg T"/ ^ + j~f j^ + ••• 

we obtain ^Sif - 3/8^ = 0, 

which is satisfied by M= Q. 

4 [Among Professor Boole's manuscripts I found five 

{ages in German, forming part of a memoir, which was pro- 
ably intended for Crelle s Mathemaitcal Journal. The 
memoir was to have discussed two apiglVieaWoT^a qI ^^ ^^^s^- 
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lus of Variations ; one to the Jacoblan Theory of the Last 
Multiplier, and the other to the Solution of Pfsiff's equation 

X^dxi + X^dx^+ +X2ndx^=^0. 

But there Is only a single paragraph relating to the second 
application. 

The manuscript contains the same demonstration of the 
Jacobian Theory of the Last Multiplier as in Art. 2 of the 
present Chapter; after this demonstration some remarks occur 
of which the substance will now be given.] 

It is worthy of notice, that Jacobi in the 36th volume of 
Crelle's Journal, deduced by the aid of the Calculus of Varia- 
tions the result on which the preceding demonstration of the 
Theory of the Last Multiplier depends. Jn fact, he shewed 
that if V denotes any function, of 



dz 



•^l> •^8> ••• '^ni ^> j^ 



dx^' 



dz 
dx.' 



and Fbe transformed by the introduction of a new system of 
independent variables Wj, m„ ... m„ then the following rela- 
tion holds, 

_J_ dV\ 
dx^J^] 

d rf(AF) 



-ri- 


d 

dx^ 


dV 

, dz 

dx^ 


d{^V) 


d c?(AF) 



dz du. 



■jdz 
du. 



du^ y dz 
du^ 



where 



A = 



dx^ 
du^ ' 



du^ ' 



'du„ 



dx^ 
du. 
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Jacobi applies this result to the transformation of the ex- 
pression 

d'V cPV cPV 

dx" ■*■ d/ ^ dz""' 

But neither Jacobi himself, nor any other person, so far as I 
know, has drawn attention to the application of the result 
which I have given here. 

[The substance of the single paragraph relating to the 
second application of the Calculus of Variations will now be 
given.] 

Clebsch has earned the thanks of all who are interested in 
the higher parts of the Theory of Differential Equations, since 
he has performed the same service for Pfaff's problem as 
Jacobi did for the Theory of Partial Differential Equations of 
the first order, and thereby for the equations of Dynamics. - 
But while I recognise the great importance of the results, I 
consider it desirable to give a simpler deduction of the system 
of partial differential equations therein involved, and on which 
the other results depend. 
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CHAPTER XXXII. 



THE DIFFERENTIAL EQUATIONS OF DYNAMICS. 



[It will be seen that this is only a fra^ent of the Chapter 
which was to have appeared under this title.] 

I do not propose in this Chapter to discuss the origin and 
interpretation of the differential equations of motion or to enter 
into those details of their application which are found in all or- 
dinary treatises on Dynamics. But they constitute a system 
analytically so remarkable from the forms in which it is 
capable of being expressed, and from the general methods of 
integration which emerge out of those forms, that they are 
well deserving of a special attention. 

Referred to rectangular co-ordinates the differential equa- 
tions for the motion of a system of points free or connected 
are 
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Here m is the mass at the point (a?, y, «), m* that at (a?*, y\ «'), 
X, F, Z the resolved forces at (a:, y, «) tending severally to 
increase those co-ordinates, and so on. Lastly 

^ = 0, '^ = 0,... 

are the equations of condition each of which may involve all 
the co-ordinates, and \ fi... are indeterminate multipliers. 

The above is usually termed the first Lagrangean form of the 
differential equations. In applying it we must either elimi- 
nate \, fi... from the giyen equations, and then by the equa- 
tions of condition just so many of the co-ordinates with their 
differentials, or we must retain X, /ii, ... as variables so conditioned 

that the values of -^ , -^^ , ... in the system shall satisfy iden- 
tically the differential equations involving -^, -^>»««» de- 
rived from ^ = 0, -^ssO,... viz. the equations 

de^' df "'••• 

The first Lagrangean system may by a slight transforma- 
tion be reduced to a form in which all the equations are of 
one type, viz. of the type which they would have if all the 
masses were equal to unity. 

For taking the first equation of the system and dividing 
by m^ we may express the result in the form 

d^{m^x) X ^ d^ dyfr 



= -i+\ ^^ I ^ +fi 



. .« 



^^ m* d{m^x) d{rnSx) 

from which we see that if a?, y ... had been taken to represent 
the entire system of co-ordinates taken in any order and mul- 
tiplied each by the square root of the corresponding mass, and 
Jl, F... the corresponding resolved forces taken in the same 
order and divided each by the square root of the correspond- 
ing mass, the system of equations woiaiA.\iaN^\^^TL 
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all being of one type. In general investigations this form 
is to be preferred. 

From the first Lagrangean form another known as the 
second Lagrangean, and from this again a third known as 
the Hamiltonian are derived. The second Lagrangean form 
is properly speaking an expression for the effect of a trans- ' 
formation of co-ordinates in the most general sense upon the 
original system, i.e. of a transformation which in place of 
Xj y, ... the entire system of given co-ordinates substitutes 
a new system of variables ^, rj^^ ^^^ expressions of which as 
functions of x, y, ... are known. It is not necessary that this 
new system of variables should be co-ordinates in the proper 
sense of that term, determining three by three the positions 
of the several masses; it suffices that they should in their en- 
tirety determine and be determined by the co-ordinates given. 

The second Lagrangean form may be established as 
follows : 

Differentiating the equations <^ == 0, '^ = 0,... with respect to 
any one of the new variables f we have 

d<\> dx dff> dy ^ 
dx d^ dy c?| •••""' 

c?^ dx d^ % _ A. 
dx d^ dy d^"' ' 

whence if we multiply the equations of the given system by 

dx dy 111 1 

-^ , -jf .... and add, we nave 

^ ^^^ 4- -^ ^^y Y — mV^ 
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CHAPTER XXXIII, 



ON THE PROJECTION OF A SURFACE ON A PLANE* 



[The following memoir was found among Professor Boole's 
manuscripts; a Title and Introductory Remarks were to have 
been prefixed, but with this exception the memoir appears to 
be finished for publication. It is sufficiently connected with 
the subject of Differential Equations to find a place in the 
present volume. 

The memoir by Sir John Herschel to which allusion Is 
made Is entitled, On a new Projection of the Sphere ; this was 
read before the Royal Geographical Society of London on 
the 11th of April, 1859, and was printed as part of the Journal 
of the Society, Vol. xxx. 1860, pages 100... 106. A chart of 
the World on Sir John flerschers projection has been pub- 
lished by A. and C. Black of Edinburgh. 

The history of the subject will be found in Chapter XXIII. 
of the Coup d^ceil historique sur la Projection des Cartes de 
Oiographie... Par M. D'Avezac, Paris, 1863. 

For the materials of this introductory notice I am Indebted 
to Sir John Herschel.] 

1. Let a?, y, z be the rectangular co-ordinates of any point 
on the given surface; x\ y* the co-ordinates of the correspond- 
ing point on the plane of projection. Let the equation of the 
given surface be 

or, for simplicity, 
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The condition of proiection npon which Sir John Herschd's 
investigations are founded, and which we shall adopt here, is 
that of the similarity of corresponding infinitesimal areas on 
the surface and on tne plane. The object of the problem then 
in general is the discovery of the mode in which x\ y* depend 
upon a;, y, and z in accordance with the above condition; its 
object in any particular case is the determination of x^ y' as 
functions of x^ y, z. 

Eegarding then a?', if as ultimately functions of a;, y, z we 
have 

ax ^-r- dX'\--r-dy'\-'-r dz. 
dx dy ^ dz 

in which dx^ dy, dz are not independent, but are connected 
by the condition 

Jjp Jjp JTff 

'j-dx'\'-—-dy+-:j-dz=0. 
dx dy ^ dz 

Now for brevity write 

dal __ dx' __ - oJoj' ^ 
da; "" ' dy"^ dz "^ ^ 

^'=a' ^ = 5' ^' = c' 
dx * dy ^ dz * 

— =.A —=B —=G' 
dx ^ dy ^ dz" * 

then 

dx* =^ adx '\-ldy -\- cdz (1), 

*dy' -adx^-Vdy-k-c'dz (2), 

0=^Adx + JSdy+ Cdz (3). 
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Now the condition of the similaritj of infinitesimal cor- 
responding areas may be resolved into the two following 
conditions, viz.: 

1st. The equality of their corresponding angles. 

2ndly. The proportionality of their corresponding sides. 

And these conditions we shall introduce separately. 

1st. Assuming any point a;', y' on the plane of projection, 
let oi alone vary, and the infinitesimal line generated is (&', 
while (since dxf = 0) (2) and (3) become 

ddx + Vdy + Sdz = 0, 

-4(fo + jR?y + C7(fo = 0, 

whence, if we write 

L^Bc'-CVy M=Ca'-Ac', N^AV^Ba\ 

, dx dy dz , . 

we have T^M^N (^)' 

so that the direction cosines of the infinitesimal line on the 
surface F corresponding to the line dx' on the plane (a?', j/) 
will be 

L M N 

{U + W+IP)^' {L' + M'+N')^' (i' + ilf^+i^4 ^ ^' 

In like manner, if y' alone vary, we shall find for the 
direction cosines of the infinitesimal line on the surface F 
which corresponds to dy' on the plane 

r M^ N' 

{L'^+M^'+N'^)^' {L"+M''+]r)i' {L^+M'^^N'^)^ ^ ^' 

wherei' = j5c-(75, ir= Ga-AcyN' = Ab''Ba. 

By the first of the conditions of similarity the angle be- 
tween these lines on the surface musl \^ ^ fi.^\» ^x^^^ ^scsss^^ 
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8a! and dy' are at right angles. Hence we haye, fiom 

(5) and (6), . 

' LL + MM' + NN' = (7). 

2ndly. The ratio of the length of the element dx' to the 
corresponding element on the surface is 

dx' 



^da^ + dy^ + dz^ ' 

or, hy (1), 

adx-\- hdy 4- cdz 
^ds^^-df^-W . 

and therefore by (4) 

aL-^-hM+cN 

equating which to the corresponding expression for the ratio 
of the length of di/ to that of its projection on the surface, 
we have 

aL + hM+cN ^ a'r + VW + cN' . 

^/1?+WTn~* ^tj^tw^tn^ 

Now if we substitute for L, M, N, L\ M\ N* their values, 
we shall find 

aL^lM+cN^A {Vc - Id) + B {da - ca') + G (ab - aJ'), 

a'r + VM'^ c'N' = A (Jc'- b'c) +B{ca'-' c'a) + C (aS'- a'i), 

and the second members of these equations differ only in sign. 

Thus (8) may be expressed in the form 

[a [Vc - hd) + B [da ^caT^^-C [ah' - a' J) I 

xl ^ 1 ^ t1 = 0..:(9). 
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But the first factor of the first member of this equation 
being the determinant of the system 

adx + hdy + cdz = 0, 

a'dx + I'dy + cdz = 0, 

Adx + Bdt/ + Cdz = 0, 

expresses when equated to zero the condition that if in the 
system (1), (2), (3) dy' vanishes dx' shall also vanish; and 
cKc' and di/ being independent, this condition cannot be satis- 
fied, so that (9) reduces to 

= 0, 



whence 

L'^ + M^ + JSr-L^-JiP-ir^O (10), 

and this, with (7), will fully express the conditions of simi- 
larity. 

2. If we multiply (7) by :i V— 1, and add and. subtract 
the result from (10), we obtain the equivalent system 

r-.(ii). 

(r - i V- 1)' + {M' - M^/^y + (jv^- N^iy = 0^ 

T^T r, T / — 1 dF dx dF dx' 

Now jL+iv-l = -7--j -r--3- 

~ ay dz dz dy 

^fdFd^_dFdf\^— 
*" \dy dz dz dy) 

dF d{x'±yW^) dF d{x ±y'*J^) 
dy dz dz di^ 

B.D.E. II. \^ 
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Writing then 

aj' + y V^ = w, x-yW^^v, 



we have 



/ — dFdu dFdu 
r/ r r-T dFdv dF dv 



In the same way 



dFdu^dFdu 
dz dx dx dz 



dz dx dx dz^ 

AT _L TVT / — 1 — ^^ ^^ ^^ ^^ 

^ "^ dx dy dy dx^ 

\v nT./^-T dF dv dF dv 

ax ay ay ax 



Substituting which in the system (11) there result 



fdF du dF ^Y fdF da 
dz dy) \dz dx 



\dy dz 




/dF^ 
\dy dz 



dFdoV 
dz dy) 



,/dFdu 
\dx dy 

/dF dv 
\dz dx 

,(dFdo 
\dx dy 



dFdu\^ 
dy dx) 



= 




^....(12), 



_ dF ^Y^ 
dv dx) 
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to which we may give the somewhat more convenient form 

\dx dx dy dy dz dz) ^ '* 

{(S)'-(f)"^(f)}{(l)"^(|)V(l)} 

_ fdF dv dF dv^ dF dvV^ ,jj. 
\dx dx dy dy dz dz) "*^ 

These are partial differential equations of the first order, 
serving to determine u and v as functions of a?, y, z. 

But it is not necessary to solve the equations in their 
general form. For, a?, y, and z being connected by the equa- 
tion of the surface, the above e(]^uations may always be so 
reduced as to involve only two independent variables. As 
latitude and longitude determine the position of a point on 
the earth, so two co-ordinates of any given species will deter- 
mine the position of a point on the given surface, and these 
co-ordinates, when fixed upon, become the independent varia- 
bles of the problem. 

Let 8 and t represent such co-ordinates, and let their ex- 
pressions in terms of a?, y, z give 

« = ^1 (i»» y» ^)> < = ^a (^> y> «)> 

which equations combined with that of the given surface will 
reciprocally determine a?, y, z as functions of 8 and t Then 
1st the differential coefficients of F which in the equations 
(I), (II), are functions of a?, y, z may be transformed into func- 
tions of 8 and t ; 2ndly, we have 

du du ds du dl 
dx ds dx dt dx^ 

du du ds du dt 
dy ds dy dt dy^ 

du __ du ds du dt 
dz ds dz dt ds^ 
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and as ;t- > , ... are known functions of x, y, 0, they also 

are expressible in terms' of s and t The result of these Biib- 
stitutions will then be to convert (I) into a partial diflferential 
equation in which u is the dependent and s and t the inde- 
pendent variables, and this^ equation being, like (I), of the 
first order and second degree in the differential coefficients of 
u, will be of the form 



fdu\^ ^du du -nfdv^ . 



For V we shall have an exactly similar equation with the 
same coefficients. 

The above equation is, by the solution of a quadratic, 
resolvable into two equations of the form 

du ^ rf«* _ ^ du -^du _^ 

d^^^'di'^^' ds^^'di^^' 

To these correspond the respective auxiliary equations 

dt-^-X^ds^O, dt + \d8 = (13). 

If the integrals of these are 

respectively, then we have 

u = <l>{8), u^'^{T). 

Now V being determinable by an equation of the same 
form as w, it follows that of the above two values of u one 
must be assigned to v, so that the solution of the problem will 
be contained in the system 

u = ii>(S), v = ^{T), 
or in the system 
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The particular forms of the arbitrary fdnctions and yfr 
will depend solely upon the nature of the problem under con- 
sideration. 

One other point remains to be noticed. The first mem- 
bers of (12) are essentially positive, being composed of 
squares ; so are then the first members of (I) , (II) ; and so, 
if the intermediate transformations are real, is the first 
member of the equation whose coefficients are P, Q, B. 
Hence the quadratic determining \y \ will have imaginary 

roots of the form a±^ J— 1. Ultimately therefore it will suf- 
fice to integrate one equation of the system (13) and then to 

deduce the solution of the other by changing V— 1 into 

r 3. Application of the above formulxje when the given aur- 
face is an oblate spheroid, such as the earth. 

Let the plane of the equator.be that of projection, the 
centre being the origin. Let the co-ordinates x, y pass 
through the meridians of and of 90° respectively, and z 
through the poles. The equation of the surface will be 

^'"'^VS^i (H), 



a^ 



where a is the earth's equatorial, h its polar radius. Let also 
the latitude of the point a?, y, z be represented by s, the 
longitude by t. We have 



.2 



7^r= ^ -I 1 

dF_2x dF_2y dF _'2z 

eu~a^' dy~ a*' dz~W' 



and substituting in (I), 

(a?+jt A (/duV , /duV , /duV) 



X du y du z duV __ 
,a* dx d? dy ^ da) 
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or, if we represent ^ hj A*, 



-(4-4^*•4)'-« 



(15). 



Now as a?, y are rectangular co-ordinates in the plane of 
the equator^ and x passes through the first meridian, we have 

^ = tan t. 

X 

Again, representing in the annexed figure the meridian of 
the point P, or {x, y, z) 
touched by the straight line 
QB in the same p lane, we 

have G3f=Va ?'+y', MP=z. 

Therefore if Va;' + y'=r, the 
equation of the meridian is 

r^ z' 
that of the tangent 




r', z being current rectangular co-ordinates of the tangent 
Hence 



a^z 



tan CQB==jj- = 



h'z 



But GQB = latitude. Therefore finally 



« = tan"^ -r= 



h'z 



,_^^, < = tan"^^ 



(16), 



and we must now transform (15) so as to make s and t the 
independent variables* 
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From the above equations combined with (14) we find 



aj = 



ah cos t 



y= 



a^'Sin t 



VA^ + tanks' ^ VA» + tan"« 



-=, z^ 



atan^ 



AVF+tai?5 



... (17), 



and substituting in (15), 

{(du\^ fduy , fduV) 



sec 5 < 



I du . . du . . du\ 
— (cos^-v- + sin^-T- + tan^-y-j 



= 



(18). 



Again, 



Now ^ = 



du du da du dt 

dx da dx dt dx^ 

du ^du da du dt 

dy" da dy dt dy ' 

du ^du da du dt 

dz da dz dt dz ' 



— h^zx 



_ — sin 8 cos a cos t JS 

where H= Ji? + tan*5. In like manner 

da _ — sin^ cos^ sin tjH 



dy 


ah 


dz 


hco^a JH 
a 


dt 
dx'^ 


— &intJjU 
ah 


dt 
dy" 


costjM 

ah ' 


dt _ 
dz" 


:0. 
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Hence 

du JH I . du . ^du\ 

-7- = ^^ — sins C0S5 cos < -^ — sin ^ ^- , 
ax ah \ as at J 

du jH / . . ^du ^ ^ du\ 

-r- = --r- — sin « cos « aiat-j- H-cos^-,- , 
d?/ ah \ as dtj 

az an \ as/ 

Substituting these values in (18), and dividing by the com- 

men factor -^jw- we have on reduction 
ah % 

( jy + cos«« {1 + (A' - 1) cos'sY (gy = 0, 

which is resolvable into 

2^ - V^ COS* {1 + (A^- 1) cos*«} ^ = 0, 

^ + /Ti cos 5 {1 + (A" - 1) C0S»5}^ = 0, 

partial differential equations of which the integrals are in- 
cluded in the common formula 



u 



""'^(Jcos5{l + (A^-l)cos*«}**^^V' 



Now / 



cos 5{1 + (A* — 1) COS**} 
f ^ /•» »a\ r COS* ds 



(k'-i) cos's 



_ [ ds , ,« f COS* ds 
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[ ds , f COS 5 cfe / . , a' — J'\ 

^i — --« 7 — a • a > (smcee' = -— J— J 
jcos* J 1 — e^srn''^ ■ \ a / 
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1 — e sin 8 
+ e sins 



= logtang + |) + |log- 



Hence 



-*hl(r57S-:)''"(!^l))*'H. 

or, changing (f) {t) into ^ (e*), 

„ ^ ^ I(1^^5!Hy- tan (^ + i) 6*^ , 

/ f /I — e sin 5\l ^ /tt s.\ , /— ) 

Let r and be the polar co-ordinates of that point in the 

{)lan« of projection which corresponds to the point whose 
atitude and longitude on the surface are s and t ; and let 

\l + e sins/ \4 2/ 

then the complete solution assumes the very simple form 

r^yf=i= <f> {Se^tsTi)^ re-^yH^^ylr {8€^tyf=^ (III). 

Of particular deductions the most interesting is that which 
arises from the supposition that the parallels of latitude are 
projected into circles round the pole. This tec\a\3:^% ^Vsax x 



B.D.E. II. 
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should be independent of t, a condition which is satisfied in 
the most general manner hj assuming 

we then find 

whence, on multiplication and division, 

whence, A and B being new arbitrary constants derived from 
G and 0' 

T^A8% e^±nt^B. 

If we observe that 6 and t should vanish together, we have 
5 = 0, and the equation 6=^ ±nt shews that the surface of 
the sphere will be projected into a sector of a circle, the arc 
of which is to the circumference of the circle as n : 1. Thus, 

1 

if n = J , the sphere is projected upon a quadrant, and so 

on. 
The other equation gives 

( V4 2/ j \\-\-e sm sj 

If 5 = we find r = -4, whence A is the distance of the 
equator from the pole in the plane of projection, and if that 
distance, which is arbitrary, be assumed as the unit, we have 



r = tan^(^-f 



sM" fl — e sm5\ a 
2yJ U+esin J 



for the distance from the pole of that parallel whose latitude 
28 8. We maj give to this expression a better form bj 
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assuming J? = -r + «, and introducing an auxiliary quantity j 
determined by the equation 

6 003^ = 008 2^. 

We have then 

r.(tag-(co.|)-. 

The following table gives the values of r for the sphere and 
for the spheroid whose eccentricity is '08 (which is about that 
of the earth), for each ten degrees of polar distance, for the 

values 71= 1, and n = - . 

4 



Polar 


n- 


= 1 


n 


1 
"4 


Distance. 










Sphere. 


Spheroid. 


Sphere. 


Spheroid. 


W 


•0875 


•0880 


•5439 


-5447 


20« 


•1763 


•1774 


•6480 


•6490 


30<> 


•2679 


•2694 


•7195 


•7205 


400 


•3640 


•3658 


•7767 


•7777 


50° 


•4663 


•4682 


•8264 


•8272 


60® 


•6774 


•5792 


•8717 


•8724 


70« 


•7002 


•7017 


•9148 


•9153 


80" 


•8391 


•8400 


•9571 


•9574 


W 


1-0000 


1-0000 


1-0000 


1-0000 


100« 


1-1918 


1-1904 


1-0448 


10445 


110<> 


1*4281 


1-4250 


1 -0932 


1-0926 


120« 


1-7321 


1-7265 


1-1472 


1-1463 


130<» 


2-1445 


21357 


1*2101 


1-2089 


140* 


2*7475 


2-7340 


1-2875 


1*2859 


ISO* 


3*7321 


3*7114 


1-3899 


1*3880 


160® 


5-6713 


5-6372 


1-5432 


1-5409 


170° 


11-4301 


11-3581 


1-8387 


1-8358 



THE END. 
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Sayce, M.A., Fellow and Tutor of Queen's College, Oxford, 
and Deputy-Professor of Comparative Philology. 8vo. 

\In preparation, 

HODGSOK -MVTIfOLOGV FOR LATIN VERSIFICA- 
TION, A brief Sketch of the Fables of the Anqients, 
prepared to be rendered into Latin Verse for Schools. By 
F. Hodgson, B.D., late Provost of Eton. New Edition, 
revised by F. C. HoDGSON, M.A. i8mo. 3^". 

HOMER— 77/ff ODYSSEY, Done into English by S. H. 
Butcher, M.A., Fellow of University College, Oxford, and 
Andrew Lang, M.A., late Fellow of Merton College, Oxford, 
Crown Svo. lOj-. dd, * 

HOmEBZC DZCTZONABT. For Use in Schools and Colleges. 
Translated from the German of Dr. G. Autenreith, with 
Additions and Corrections by R. P. Keep, Ph.D. With 
numerous Illustrations. Crown Svo. 6j. 

HORACE— TW:^ WORKS OF HORACE^ rendered into 
English Prose, with Introductions, Running Analysis, and 
Notes, by J. Lonsdale, M.A., and S. Lee, M.A. Globe 
Svo. 3 J. dd, 

THE ODES OF HORACE IN A METRICAL PARA- 
PHRASE. By R. M. HovENDEN. Extra fcap. Svo. ^, 

HORACE'S LIFE AND CHARACTER, An Epitome of 
his Satires and Epistles. By R, M. Hovenden. Extra fcap. 
Svo. 4f. 6d, 

WORD FOR WORD FROM HORACE, The Odes lite- 
rally Versified. By W, T. Thornton, C.B. Crown Svo. 

'js, 6d, 
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JACKSON— TT/?^?* STEPS TO GREEK PROSE COM- 
POSITION, By Blomfield Jackson, M.A. Assistant- 
Master in King's College School, London. New Edition 
revised and enlarged. i8mo. If. 6/. 

JACKSON—/^ MANUAL OF GREEK PHILOSOPHY. By 
Henry Jackson, M.A., Fellow and Praelector in Ancient 
Philosophy, Trinity College, Cambridge. [/« preparation. 

JEBB— Works by R. C. JEBB, M.A., Professor of Greek m the 
University of Glasgow. 

THE ATTIC ORATORS FROM ANTIPHON TO 
ISAEOS, 2 vols. 8va 2$s. 

THE CHARACTERS OF THEOPHRASTUS, Translated 
from a revised Text, with Introduction and Notes. Extra fcap. 
8vo. 6^. 6d, 

A PRIMER OF GREEK LITERATURE. iSmo. is. 

A HISTORY OF GREEK LITERATURE, Crown Svo. 

[In preparation. 



THIR TEEN SA TIRES OF JUVENAL. With 
a Commentary. By John E. B. Mayor, M.A., Kennedy 
Professor of Latin at Cambridge. Vol. I. Second Edition, 
enlarged. Crown Svo. 7j. 6^. Vol. II. Crown Svo. lar. 6^. 

IL-WABTOm— GREEK IAMBICS FOR SCHOOLS, By Rev. 
H. Kynaston, M.A., Principal of Cheltenham College. 

[In preparation. 

I.IVY, Books XXI.— XXV. Translated by A. J. Church, 
M.A., and W. J. Brodribb, M.A. [In preparation. 

iMlMO^ny—THE AGE OF PERICLES. A History of the 
Politics and Arts of Greece from the Persian to the Pelopon- 
nesian War. By William Watkiss Lloyd. 2 vols. Svo. 2is, 

MILCMIImImAX— FIRST LATIN GRAMMAR, By M. C. 
Macmillan, M.A., late Scholar of Christ's College, Cambridge, 
Assistant Master in St. Paul's School. iSmo. [In preparation. 



CLASSICAL. 



MAHAFPY— Works by J. P. MAhaffy, M.A., Professor of 
Ancient History in Trinity College, Dublin. 

SOCIAL LIFE IN GREECE; from Homer to Menander. 
Third Edition, revised and enlarged. Crown 8vo. 9J 

RAMBLES AND STUDIES IN GREECE, With 
Illustrations. Second Edition. With Map. Crown 8vo. 
I or. 6</. 

A PRIMER OF GREEK ANTIQUITIES. With Illus- 
trations. . i8mo. is, 

MARSHALL — ^ TABLE OF IRREGULAR GREEK 
VERBSy classified according to the arrangement of Curtius' 
Greek Grammar. By J. M. Marshall, M.A., one of the 
Masters in Clifton College. 8vo. cloth. New Edition, u. 

MAYOR (JOHN E. IB.)— FIRST GREEK READER. Edited 
after Karl Halm, with Corrections and large Additions by 
Professor John E. B. Mayor, M.A., Fellow and Classical 
Lecturer of St. John's College, Cambridge. New Edition, 
revised. Fcap. 8vo. 4s. 6d. 

BIBLIOGRAPHICAL CLUE TO LATIN LITERA^ 
TURE. Edited after HUbnkb, with large Additicms by 
Professor John E. B. Mayor. Crown 8vo. 6s, dd. 

MAYOR (JOSEPH B.)— GREEK FOR BEGINNERS. By 
the Rev. J. B. Mayor, M. A., Professor of Classical Literature 
in King's College, London. Part I., with Vocabulary, is. 6d, 
Parts II. and III., with Vocabulary and Index, 3^. 6d. com- 
plete in one Vol. New Edition. Fcap. 8vo. cloth, ^r. 6^. 

NIJLON— PARALLEL EXTRACTS arranged for translation 
into English and Latin, with Notes on Idioms. By J. E. 
Nixon, M.A., Classical Lecturer, King's College, London. 
Part I.— Historical and Epistolary. New Edition, revised 
and enlarged. Crown 8vo. Jj. 6d. 



10 MACMILLAN'S EDUCATIONAL CATALOGUE. 



NIXON Continued — 

A FEW NOTES ON LATIN RHETORIC. With 
Tables and Illustrations. By J. £. Nixon, M.A. Crown 
8vo. 2s, 

PEILE (JOHN, M.A.)— -4iV INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By John Peile, M.A., 
Fellow and Tutor of Christ's College, Cambridge, formerly 
Teacher of Sanskrit in the University of Cambridge. Third 
and Revised Edition. Crown 8vo. lor. td. 

A PRIMER OF PHILOLOGY. i8mo. \s. By the same 
Author. 

'Pl^J^An—THE EXTANT ODES OF PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M.A., Fellow of Wadham College, Oxford. Crown 
8vo. 5j. 

VIaATO^ THE REPUBLIC OF PLATO. Translated mto 
English, with an Analysis and Notes, by J. Ll. Davies, 
M.A., and D. J. Vaughan, M.A. New Edition, with 
Vignette Portraits of Plato and Socrates, engraved by Jeens 
from an Antique Gem. i8mo. 4^. 6^. 

PHILEBUS. Edited, with Introduction and Notes, by 
Henry Jackson, M.A., Fellow of Trinity College, Cambridge. 
8 vo. \In preparation .. 

VJUkVTJJH-^THE MOSTELLARIA OF PLAUTUS. With 
Notes, Prolegomena, and Excursus. By William Ramsay, 
M.A., formerly Professor of Humanity in the University of 
Glasgow. Edited by Professor George G. Ramsay, M.A., 
of the University of Glasgow. 8vo. I4f. 

POTTS (A. W., VL.K.)— HINTS TOWARDS LATIN PROSE 
COMPOSITION. By Alexander W. Potts, M.A., 
LL.D., late Fellow of St John's College, Cambridge; 
Head Master of the Fettes College, Edinburgh. New Edition, 
Extra fcap. 8vo. 3j. ' 
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ROBY— ^ GRAMMAR OF THE LATIN LANGUAGE, from 
Plautus to Suetoniu& By H. J. RoBY, M.A., I&te Fellow of 
St. John's Collie, Cambridge. In Two Parts. Third Edition, 
Fart I. containing : — Book I. Sounds. Book II. Inflexions. 
Book III. Word-formation. Appendices. Crown 8vo. %s, 6d, 
Part IL — Syntax, Prepositions, &c Crown 8vo. los. 6d, 

"Marked by the clear and practised insight of a master in hii art. 
A book that would do honour to any country. ^— Atkbm^um. 

SCHOOL LA TIN GRAMMAR, By the same Author. 

[ fn preparation. 

-BLVS-aSYNTIIETIC LATIN DELECTUS, A First Latin 
Construing Book Arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary. By E. Rush, B.A. 
With Preface by the Rev. W. F. MoULTON, M.A., D.D. 
Extra fcap. 8vo. {Immediately, 

RVST— FIRST STEFS TO LA TIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A. of Pembroke College, Oxford, 
Master of the Lower School, King's College, London. New 
Edition. i8mo. is, 6d, 

RUTHERFORD—^ FIRST GREEK GRAMMAR. By W. G, 
Rutherford, M.A., Assistant Master in St. Paul's School, 
London. Extra fcap. 8vo. is. 

SEELEY— ^ PRIMER OF LATIN LITERATURE. By 
Prof. J. R. Seeley. [In preparation, 

SHUCKBUR6H— ^ LATIN READER, By E. S. ShuCK- 
BURGH, M.A., Assistant Master at Eton College. 

[In preparation. 

TIkCrraH— COMPLETE WORKS TRANSLATED, By A.J. 
Church, M.A., and W. J. Brodribb, M.A. 

THE HISTORY. With Notes and a Map. New Edition. 
Crown 8vo. 6s. 

THE ANNALS, With Notes and Maps. New Edition. 
Crown 8vo. *js, 6d, 

THE AGRICOLA AND GERMANY, WITH THE 
DIALOGUE ON ORATORY, With Maps and Notes. 
New and Revised Edition. Crown 8va 4r. 6d. 
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THEOPHRASTUS— r^ig* CHARACTERS OF THEO- 
PHRASTUS, An English Translation from a Revised Text 
With Introduction and Notes. By R. C Jebb, M.A., Pro- 
fessor of Greek in the University of Glasgow. Extra fcap. 8vo. 

THRING— Works by die Rev. E. THRING, M.A., Head 
Master of Uppingham School. 

A LATIN GRADUAL. A First Latin Construing Book 
for Beginners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. 8vo. 2s. 6d. 

A MANUAL OF MOOD CONSTRUCTIONS, Fcs^p. 
8vo. IS, 6d, 

A CONSTRUING BOOK, Fcap 8vo. zs, 6d. 

VlVLQtll^THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH FROSE, with Notes, Introductions, Running 
Analysis, and an Index, by James Lonsdale, M.A., and 
Samuel Lee, M.A. New Edition. Globe 8vo. 3j. 6t/. ; 
gilt edges, 41. 6d. 

WILKINS-^ PRIMER OF ROMAN ANTIQUITIES. By 
A. S, WiLKiNS, M.A., Professor of Latin in the Owens 
College, Manchester. With Illustrations. i8mo. is, 

WRIGHT— Works by J. WRIGHT, M.A., late Head Master of 
Sutton Coldfield School. 

HELLENICA ; OR, A HISTORY OF GREECE IN 
GREEK, as related by Diodorus and Thucydides ; being a 
First Greek Reading Book, with explanatory Notes, Critical 
and Historical. New Edition with a Vocabulary. Fcap. 8vo. 
3J. (>d, 

A HELP TO LA TIN GRAMMAR ; or. The Form and 
Use of Words in Latin, with Progressive Exercises. Crown 
8vo. 4r. (id, 

THE SEVEN KINGS OF ROME, An Easy Narrative, 
abridged from the First Book of Livy by the omission of 
Difficult Passages; being a First Latin Reading Book, with 
Grammatical Notes. New Edition. With Vocabulary, 3^. 6</. 
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WBIOHT Continued^ 

FIRST LATIN STEPS; OR, AN INTRODUCTION 
BY A SERIES OF EXAMPLES TO THE STUDY 
OF THE LA TIN LANGUAGE, Crown 8vo. $5. 

ATTIC PRIMER. Arranged for the Use of Banners. 
Extra fcap. 8va 41. 6d. 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, both Latin and English, on each Rulci 
and Vocabularies. Crown 8vo. 4r. 6d, 



MATHEMATICS. 

AIRY— Works by Sir G. B. AIRY, K.C.B., Astronomer 
Royal : — 

ELEMENTARY TREATISE ON PARTIAL DIE- 
FERENTIAL EQUATIONS. Designed for the Use of 
Students in the Universi^es. With Diagrams. Second Edition. 
Crown 8vo. 5j. 6d, 

ON THE ALGEBRAICAL AND NUMERICAL 
THEORY OF ERRORS OF OBSERVATIONS AND 
THE COMBINATION OF OBSERVATIONS. Second 
Edition, revised. Crown 8vo. dr. 6d, 

UNDULATORY THEORY OF OPTICS. Designed for 
the Use of Students in the University. New Edition. Crown 
8vo. dr. 6d. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. 
With the Mathematical Elements of Music. Designed for the 
Use of Students in the University. Second Edition, Revised 
and Enlarged. Crown 8vo. 9^. 

A TREATISE OF MAGNETISM. Designed for the Use 
of Students in the University. Crown 8vo. 9^. 6d. 

AIRY (OSMUND)—^ TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Masters in Wellington College. Extra fcap. 8vo. 3J. 6d, 
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BAYMA—THE ELEMENTS OF MOLECULAR MECHA- 
NICS, By Joseph Bayma, S.J., Professor of Philosophy, 
Stonyhurst College. Demy 8vo. lOf. 6d, 



—AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY, With Examples. ByR. D. Beasley, 
M.A., Head Master of Grantham Grammar SchooL Fifth 
Edition, revised and enlarged. Crown 8vo. ys. 6d, 

BZiACKBURN {WUQH) — ELEMENTS OF PLANE 
TRIGONOMETRY, for the nse of the Junior ClaSs in 
Mathematics n the University of Glasgow. By Hugh 
Blackburn, M.A., Professor of Mathematics in the Univer- 
sity of Glasgow. Globe 8vo. is. td, 

BOOUB— Works by G. BOOLE, D.C.L., F.R.S., late Professor 
of Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Third and Revised Edition. Edited by I. ToDHUNTER. Crown 
8vo. 14J. 

A TREATISE ON DIFFERENTIAL EQUATIONS, 
Supplementary Volume. Edited by I. TODHUNTER. Crown 
8vo. Zs, 6d. 

THE CALCULUS OF FINITE DIFFERENCES, 
Crown 8vo. loj. 6d. New Edition, revised by J.- F. 

MOULTON. 

BROOK-SMITH {!,)— ARITHMETIC IN THEORY AND 
PRACTICE, By J. Brook-Smith, M.A., LL.B., St. 
John's College, Cambridge ; Barrister-at-Law ; one of the 
Masters of Cheltenham College. New Edition, revised. 
Crown 8vo. 41. 6d, 

CAMBRIDGE SBNATE-HGUSB PROBLEMS and BIOEBS 
WITH SOLUTIONS :— 

\%^<^— PROBLEMS AND RIDERS. By A. G. Greenhill, 
M.A. Crown 8vo. &f. 6d, 

1S7S— SOLUTIONS OF SENATE-HOUSE PROBLEMS. 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L. Glaisher, M.A., Fellow of Trinity CoUege, 
Cambridge. [/« the press. 
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CANDIiBR— ^^Zi» TO ARITHMETIC. Designed for the 
use of Schools, By H. Candler, M.A., Mathematical 
Mastet of Uppingham Sthool. Extra fcap. 8vo. 2J. 6^. 

CHBYNJB— ^^ ELEMENTARY TREATISE ON THE 
PLANETARY THEORY, By C. H. H. Chkyne, M.A., 
F.R.A.S, With a Collection of Problems. Second Edition. 
Crown 8vo. dr. 6</. 

CHRZSTIB— ^ COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHE- 
MATICS; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by 
Homer's Method. By James R. Christie, F.R.S., Royal 
Military Academy, Woolwich. Crown 8vo. 8j. 6d, 

•d-IFPORD-r^^ ELEMENTS OF DYNAMIC. An In- 
troduction to the Study of Motion and Rest in Solid and Fluid 
Bodies. By A. K. Clifford, F.R.S., Professor of Applied 
Mathematics and Mechanics at University College, London. 
Part I.— KINETIC. Crown 8vo. 7^. 6d. 

CUMMING— ^JV INTRODUCTION TO THE THEORY 
OE ELECTRICITY. By LiNNiEUS CUMMING, M.A., 
one of the Masters of Rugby SchooL With Illustrations. 
Crown 8vo. 8j. td, 

CUTHBERTSON— ^ UC LID IAN GEOME TR Y. By Francis 
CuTHBERTSON, M.A., LL.D., Head Mathematical Master of 
the City of London School. Extra fcap. ^vo. 4J. 6d. 

DAJLTON— Works by the Rev. T. DALTON, M.A., Assistant 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. New 
Edition. i8mo. 2s, 6d, 

' Answers to the Examples are appended. 

RULES AND EXAMPLES /A ALGEBRA. Part I. 
New Edition. i8mo. 2J. Part II. 'i8mo. ' 2s. dd. 
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1>KY— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I., THE ELLIPSE, with 
Problems. By the Rev. H. G. Day, M.A. Crown 8vo. 

•DOHOHO^— EUCLID AND HIS MODERN RIVALS. By 
the Rev. C. L. Dodgson, M.A., Mathematical Lecturer, 
Christ Church, Oxford. Crown 8vo. [Nearly ready. 

-D^-EISfr— GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M.A., St. John's CoU^je, 
Cambridge. New Edition, enlarged. Crown 8vo. 5^. 

SOLUTIONS TO THE PROBLEMS IN DREWS 
CONIC SECTIONS. Crown 3vo. 4^. 6d. 

EDGAR (J. H.) and PRITCHARD (G. H.)^NOTE'BOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GEO- 
METRY. Containing Problems with help for Solutions. By 
J. H. Edgar, M. A., Lecturer on Mechanical Drawing at the 
Royal School of Mines, and G. S. Pritchard. New Edition, 
revised and enlarged. Globe 8vo. 3^ . 



—Works by the Rev. N. M. FERRERS, M.A., Fellow 
and Tutor of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TR I LINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and 
the Theory of Projectors. New Edition, revised. Crown 8vo. 
dr. 6d. 

AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS, AND SUBJECTS CONNECTED WITH 
THEM. Crown 8vo. 7j. d/. 

PROST— Works by PERCIVAL FROST, M.A., formerly Fellow 
of St. John's College, Cambridge ; Mathematical Lecturer of 
King's College. 

AN ELEMENTARY TREAIISE ON CURVE TRA- 
CING. By Percival Frost, M.A. 8vo. 12s. 

SOLID GEOMETRY. A New Edition, revised and enlarged 
of the Treatbe by Frost and Wolstenholme. In 2 Vols. 
VoL I. 8vo, idr. 
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OODPRAY— Works by HUGH GODFRAY, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Colleges 
and Schools. New Edition. 8vo. izr. 6^ 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, with a Brief Sketch of the Problem up to the time 
of Newton. Second Edition, revised. Crown 8vo. 5^. 6^. 

-A-BMiaiJUXk— AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Colleges and Schools. By G. W. Hsmming, M.A., 
Fellow of St John's College, Cambridge. Second Edition, 
with Corrections and Additions. 8vo. 91^. 

JACKSON — GEOMETRICAL CONIC SECTIONS. An 
Elementary Treatise in which the Conic Sections are defined 
as the Plane Sections of a Cone, and treated by the Method 
of Projection. By J. Stuart Jackson, M.A., late Fellow of 
Gonville and Caius Collide, Cambridge. Crown 8vo. 4;. 6d, 

JELLET (JOHNH.)— ^ TREATISE ON THE THEORY 
OF FRICTION. By John H. Jellet, B.D., Senior Fellow 
of Trinity College, Dublin; President of the Royal Irish 
Academy. 8yo. &r. 6d, 

JONES and CV.'EmX'A— ALGEBRAICAL EXERCISES, 
Progressively Arranged. By the Rev. C. A. Jones, M.A., and 
C. H. Cheyne, M.A., F.R.A.S., Mathematical Masters of 
Westminster SchooL New Edition. i8mo. 2s, 6a. 

KELI.AND and T AIT— INTRODUCTION TO QUATER- 
NIONS, with numerous examples. By P. Kelland, M.A., 
F.R.S. ; and P. G. Tait, M.A., Professors in the department 
of Mathematics in the University of Edinburgh. Crown 8vo. 
p. 6d. 



-A GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the 
Study of Geometry. For the use of Schools. By F. E. 
Kitchener, M.A., Mathemathical Master at Rugby. New 
Edition. 4to. 2J. 

h 
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lAAXIvr— NATURAL GEOMETRY: an Introduction to the 
Logical Study of Mathematics. For Schools and Technical 
Classes. With Explanatory Models, based upon the Tachy- 
metrical Works of Ed. Lagout. By A. Mault. i8mo. \s. 

Models to Illustrate the above, in Box, \25, 6d, 

VLKKKIVLKK — ELEMENTS OF THE METHOD OF 
LEAST SQUARES, By Mansfield Merriman, Ph.D. 
Professor of Civic and Mechanical Engineering, Lehigh Uni- 
versity, Bethlehem, Penn. Crown 8vo. ^s, 6d, 

vliwmkb.-'ELements of descriptive geometry. 

By J. B. Millar, C.E., Assistant Lecturer in Engineering in 
Owens College, Manchester. Crown 8vo. 6s, 

MORGAN — A COLLECTION OF PROBLEMS .AN[D 
EXAMPLES IN MATHEMATICS. With Answers. 
By H. A. Morgan, M.A., Sadlerian and Mathematicai 
Lecturer of Jesus College, Cambridge. Crown 8vo. 6s, 6d, 

VLVIB,— DETERMINANTS, By Thos. Muir. Crown 8vo. 

[In Preparation, 

VfiWTON'S PRINCIPIA. Edited by Prof. Sir W. Thomson 
and Professpr Blackburn^ 4to. cloth. 31J. 6d* 

THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA, With Notes and Illustrations. Also a col- 
lection of Problems, principally 'intended a^ Examples of 
Newton's Methods. By Percival Frost, M.A. Third 
Edition. 8vo. 12s, 

PARKINSON—Works by S. PARKINSON, D.D., F.R.S.^ 
Tutor and Praelector of St. John's College, Cambridge. 

AN ELEMENTARY TREATISE ON MECHANICS, 
For the Use of the Junior Classes at the University and the 
Higher Classes in Schools. With a Collection of Examples. 
New Edition, revised. Crown 8vo. cloth. 9J. 6d, 

A TREA TISE ON OPTICS, New Edition, leviaed and 
enlarged. Crown 8vo. cloih. lOf. 6d, 

V'BJil^'Er^— EXERCISES IN ARITHMETIC, By S. Pedley. 

[In preparation. 
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VU^AB^ELEMENTARY HYDROSTATICS, With Nu- 
merous Examples. By J. B. Phear, M.A., Fellow and late 
Assistant Tutor of Clare College, Cambridge. New Ec^tion. 
Crown 8yo. cloth. 5j. 6d, 

VIUIB— LESSONS ON RIGID DYNAMICS, By the Rev. 
G. PiRiE, M.A., Fellow and Tutor of Queen*s College, 
Cambridge. Crown 8vo. dr. 

PUCKI.B -AN ELEMENTAR Y TREA TISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY, With 
Numerous Examples and Hints for their Solution ; especially 
designed for the Use of Beginners. By G; H. Puckle, M.A. 
New Edition, revised and enlarged. Crown 8vo. *js, 6d, 

nAWlMlNSCN— ELEMENTARY STATICS, by the Rer. 
George Rawlinson, M.A. Edited by the Rev. Edward 
Sturges, M.A. Crown 8vo. 4s, 6d, 

RAYLEIGH— 7W^ THEORY OF SOUND, By Lord 
Rayleigh, M.A., F.R.S., formerly Fellow of Trinity College, 
Cambridge. 8vo. Vol I. 12s, 6d, Vol. II. 12s. 6d, 

[Vol, III, in the Press, 

BXntiOl.'DS— MODERN 2METHODS IN ELEMENTARY 
GEOMETRY, By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo, y, 6d, 

ROUTH— Works by EDWARD JOHN ROUTH, M.A., F.R.S., 
late Fellow and Assistant Tutor of St. Peter's College, Cam- 
bridge ; Examiner in the University of London. 

AN ELEMENTAR Y TREA TISE ON THE D YNAMICS 
OE THE SYSTEM OF RIGID BODIES, With numerous 
Examples. Third and enlarged Edition. 8vo. 2is, 

STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY MOTION. Adams' Prize 
Essay for 1877. 8vo. 8/. 6d, 

b 2 
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SMITH— Works by the Rev. BARNARD SMITH, M.A., 
Rector of Glaston, Rutland, late Fellow and Senior Bursar 
of St. Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and 
Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. D^ree. 
New Edition, carefully revised. Crown 8vo. lox. bd» 

ARITHMETIC FOR SCHOOLS, New Edition. Crown 
8vo. 4J. 6d. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. 
New Edition. Crown 8vo. &f. 6d, 

EXERCISES IN ARITHMETIC. Crown 8vo. limp cloth. 
28, With Answers. 2s, 6d, 

Or sold separately, Part I. is. ; Part IL I/. ; Answers, 6d. 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo. 
cloth. 3J. 

Or sold separately, in Three Parts, is, each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. 
Parts I., II., and III., 2s, 6d, each. 

SHILLING BOOK OF ARITHMETIC FOR NA TIONAL 
AND ELEMENTARY SCHOOLS, i8mo. cloth. Or 
separately, Part I. 2d, ; Part II. yi, j Part III. *id. Answers. 
td, 

THE SAME^ with Answers complete. i8mo, cloth, is, 6d, 

KEY TO SHILLING BOOK OF ARITHMETIC. 
i8mo. 4r. 6^. 

EXAMINA TION PAPERS IN ARITHME TIC. i8mo. 
I J. td. The same, with Answers, i8mo. 2s. Answers, 6</. 

KEY TO EXAMINATION PAPJ^RS IN ARITH- 
METIC, l8mo. 4f. dd. 
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SMITH Continued— 

THE METRIC SYSTEM OF ARITHMETIC, ITS 
PRINCIPLES AND APPLICATIONS, with numerous 
Examples, written expressly for Standard V. in National 
Schools. New Edition. i8mo. cloth, sewed. 3^. 

A CHART OF THE METRIC SYiiilEM, on a Sheet, 
size 42 in. by 34 in. on Roller, mounted and varnished price 
3^. 6d, New Edition. 

Also a Small Chart on a Card, price id. 

EASY LESSONS IN ARITHMETIC, combining Exercises 
in Reading, "Writing, Spelling, and Dictation. Part I. for 
Standard I. in National Schools. Crown 8vo. 9</. 

EXAMINATION CARDS IN ARITHMETIC, (Dedi- 
cated to Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, is. Standards III., IV. and V., 
in boxes, is. each. Standard VL in Two Parts, in boxes, 
is, each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the Colours of the A and B papers differ in 
each Standard, and from those of every other Standard, so that a 
master or mistress can see at a glance whether the children have the 
proper papers. 

SNOWBAI.I. — THE ELEMENTS OF PLANE AND 
SPHERICAL TRIGONOMETRY; with the Construction 
and Use of Tables of Logarithms. By J. C. Snowball, M.A. 
New Edition. Crown 8vo. yj. 6d, 

SYLLABUS OF PLANE GEOMETRY (corresponding to 
Euclid, Books I. — VI.). Prepared by the Association for the 
Improvement of Geometrical Teaching. New Edition, Crown 
8vo. is. 

TAIT and STEELE— y^ TREATISE ON DYNAMICS OF 
A PARTICLE, AViih numerous Examples. By Professor 
Tait and Mr. Steele. Fourth Edition, revised. Crown 8vo. 
izr. 
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TJ^-BA^ — ELEMENTARY MENSURATION FOR 
SCHOOLS. With numerous Examples. By Septimus 
Tebay, B.A,, Head Master of Queen Elizabeth's Grammar 
School, Kivington. Extra fcap. 8vo. 3^. 6d, 

TODHUNTER— Works by I. ToDHUNTER, M.A.^ F.R.S., of 
St. John's College, Cambridge. 

' Mr. Todhunter is chiefly known to students of Mathematics as the 
author of a series of admirable mathematical text-books, which possess 
the rare qualities of being clear in style and absolutely free from mistakes, 
typographical or other." — Saturday Review. 

THE ELEMENTS OF EUCLID. For the Use of Colleges 
and Schools. New Edition. i8mo. 3J. 6d. 

MENSURATION FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 2j. 6d. 

ALGEBRA FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. 2s, 6d. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 
6s. 6a. 

TRIGONOMETRY FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 2s. 6d. 

KEY TO TRIGONOMETRY FOR BEGINNERS. 
Crown 8yo. 8j. 6d. 

MECHANICS FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 4f. 6d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 
8vo. 6s. 6d. 

ALGEBRA. For the Use of Colleges and Schools. New 
Edition. Crown 8vo. *]s. 6d. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8vo. lar. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS. New Edition, revised. Crown 8vo. 
is. 6d. 
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TODHUNTER Continued — 

PLANE TRIGONOMETRY, For Schools and CoUeges. 
New Edition. Crown 8vo. 5^. 

JCEY TO PLANE TRIGONOMETRY. Crown 8vo. 
lox. 6d, 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
New Edition, enlarged. Crown 8vo. 4J'. 6d. 

PLANE CO-ORDINATE GEOMETRY, as appKed to the 
Straight Line and the Conic Sections. With numerous 
Examples. New Edition, revised and enlarged. Crown Svo. 
*js, 6d, 

A TREATISE ON THE DIFFERENTIAL CALCULUS, 
With numerous Examples. New Edition. Crown Svo. 
I ox. 6d, 

A TREATISE ON THE INTEGRAL CALCULUS AND 
ITS APPLICATIONS, With numerous Examples. New 
Edition, revised and enlarged. Crown Svo. 10s. 6d. 

EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS, New Edition, revised. Crown 
Svo. 4^. 

A TREATISE ON ANALYTICAL STATICS. With 
numerous Examples. New Edition, revised and enlarged. 
Crown Svo. los, 6d, 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY, from the time of Pascal to that of 
Laplace. Svo. iSj*. 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONS, principally on the Theory of Discontinuous Solutions : 
an Essay to which the Adams Prize was awarded in the 
University of Cambridge in 1S71. Svo. 6x. 
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TODHUNTBR Continued — 

A HISTORY OF THE MATHEMATICAL THEORIES 
OF ATTRACTION, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Laplace. 2 vols. 
8vo. 24r. 

AN ELEMENTARY TREATISE ON LAPLACE S, 
LAMES, AND BESSEVS FUNCTIONS. Crown 8va 
lar. bd, 

WII.SON (J. VL.')— ELEMENTARY GEOMETRY, Books 
I. to V. Containing the Subjects of Euclid*s first Six 
Books. Following the Syllabus of the G^netrical Association. 
By J. M. Wilson, M.A., Head Master of Clifton CoU^e. 
New Edition. Extra fcap. 8vo. 4^. 6</. 

SOLID GEOMETRY AND CONIC SECTIONS, With 
Appendices on Transversals and Harmonic Division.. For the 
Use of Schools. By J. M, Wilson, M.A. New Edition. 
Extra fcap. 8vo. 3^. 6d, 

Vm^HOlX— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY, Compiled and arranged by J. Wilson, 
M.A., and S. R. Wilson, B.A. Crown 8vo. [Immediately, 

WILSON (W. P.)-y^ TREATISE ON DYNAMICS, By 
W. P. Wilson, M.A., Fellow of St. John's College, Cam- 
bridge, and Professor of Mathematics in Queen's College, 
Belfast 8vo. 9^. 6d, 

VrOlMSTBNIlOlMMlR— MATHEMATICAL PROBLEMS, on 
Subjects included in the First and Second Divisions of the 
Schedule of Subjects for the Cambridge Mathematical Tripos 
Examination. Devised and arranged by Joseph Wolsten- 
HOLME, late Fellow of Christ's College, sometime Fellow of 
St. John's College, and Professor of Mathematics in the Royal 
Indian Engineering College. New Edition greatly enlarged. 
8vo. i&f. 
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SCIENCE. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and 

Balfour Stewart. 

" These Primers are extremely simple and attractive, and thoroughly 
answer their purpose of just leading the young beginner up to the thresh- 
old of the long avenues in the Palace of Nature which these titles suggest." 
—Guardian. 

** They are wonderfully clear and lucid in their instruction, simple in 
style, and admirable in plan. ' — Educational Times. 

CHEMISTRY — By H. E. RoscoE, F.R.S., J*rofessor of. 
Chemistry in Owens College, Manchester. With numerous 
Illustrations. i8mo. is. New Edition. With Questions. 

'* A very model ol perspicacity and accuracy." — Cusmist and Drug- 
gist. 

PHYSICS — By Balfour Stewart, F.R.S., Professor of Natural 
Philosophy in Owens College, Manchester. With numerous 
Illustrations. i8mo. is. New Edition. With Questions. 

PHYSICAIi GEOGRAPHY— By ARCHIBALD Geikie, F.R.S. 

Murchison Professor of Geology and Mineralogy at Edin 

burgh. With numerous Illustrations. New Edition, with 

Questions. i8mo. is, 

** Everyone of his lessons is marked by simplicity, clearness, and 
correctness. " — ATHBNiEUM. 

GBOIiOGY — By Professor Geikie, F.R.S. With numerous 

Illustrations. New Edition. i8mo. cloth, i^. 

" It is hardly possible for the dullest child to misunderstand the meaning 
of a class ificauon of stones after Professor Geikie's explanation." — School 
Board Chronicle. 

PHYSIOLOGY— By MICHAEL FOSTER, M.D., F.R.S. With 
numerous Illustrations, New Edition. i8mo. is, 

* * The book seems to us to leave nothing to be desired as an elementary 
text-book. " — Academy. 
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SCIENCE PRIMERS Continued— 

ASTRONOMY — By J. NoRMAN LOCKYER, F.R.S. With 

numerous Illustrations. New Edition. i8mo. is. 

"This is altogether one of the most likely attempts we have ever seen to 
bring astronomy down to the capacity of the young child." — School 
Board Chroniclb. 

BOTANY — By Sir J. D. HoOKER, K.C.S.I., C B., President 
of the Royal Society. With numerous Illustrations. New 
Edition. i8mo. is, 

"To teachers the Primer will be of inestimable value, and not only 
because of the simplicity of the language and the clearness with which the 
subject matter is treated, but also on account of its coming from the highest 
authority, and so furnishing positive information as to the most suitable 
mehods of teaching the science of botany." — Nature. 

LOGIC— By Professor Stanley Jevons, F.R.S. New Edition. 

i8mo. is. 

** It appears to us admirably adapted to serve both as an introduction 
to scientific reasoning, and as a guide to sound judgment and reasoning 
in the ordinary affairs of life." — ^Academy. 

POLITICAL ECONOMY— By Professor Stanley Jevons, 
F.k.S. i8rao. IS, 

*' Unquestionably in every respect an admirable primer." — School 
Board Chronicle. *■ 

In preparation : — 

] INTRODUCTORY, By Professor Huxley. &c. &c. 



ELEMENTARY CLASS-BOOKS. 

ASTRONOMY^ by the Astronomer Royal. 

POPULAR ASTRONOMY. With Illustrations. By Sir 
G. B. Airy, K.C.B., Astronomer Royal. New Edition. 
i8mo. 4x. 6d, 

ASTRONOMY. 

ELEMENTARY LESSONS IN ASTRONOMY. With 
Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous Illustrations. By J. Norman Lockyer, 
F.R.S. New Edition. Fcap. 8vo. Ss, 6d, 

"Full, clear, sound, and worthy of attention, not only as a popular 
exposition, but as a scientific ' Index.' " — Athrnjbum. 
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ELEMENTARY CIiASS-BOOltS Continued— 

QUESTIONS ON LOCKYERS ELEMENTARY LES- 
SONS IN ASTRONOMY, For the Use of Schools. By 
John Forbes-Robertson. i8mo. cloth limp. is. 6d, 

l^HYSIOXiOGY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 
numerous Illustrations. ByT. H. Huxley, F.R.S., Professor 
ot Natural History in the Royal School of Mines. New 
Edition. Fcap. 8vo. 4J. 6d, 

** Pure gald throughout. "—Guardian. 

" Unquestionably the deiu-est and most complete elementary treatise 
on this subject that we possess in any lang^uage. " — Westminster Review. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS, By T. Alcock, M.D. i8mo. is. 6d. 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. By D. 
Oliver, F.R.S., F.L.S., Professor of Botany in University 
College, London. With nearly Two Hundred Illustrations 
New Edition. Fcap. 8vo. ' 41. 6d. 

CHEMISTRY. 

LESSONS IN ELEMENTARY CHEMISTRY, IN- 
ORGANIC AND ORGANIC. By Henry K Roscoe, 
F.R.S., Professor of Chemistry in Owens College, Manchester. 
With numerous Illustrations and Chromo-Litho of the Solar 
Spectrum, and of the Alkalies and Alkaline Earths. New 
Edition. Fcap. 8vo. 4J. 6d. 

*' As a standard general text-book it deserves to take a leading place." — 
Spectator. 

** We unhesitatingly pronounce it the best of all our elementary treatises 
on Chemistry." — Medical Times. 

A SERIES OF CHEMICAL PROBLEMS, prepared with 
Special Reference to the above, by T. E. Thorpe, Ph.D., 
Professor of Chemistry in the Yorkshire College of Science, 
Leeds. Adapted for the preparation of Students for the 
Government, Science, and Society of Arts Examinations. With 
a Preface by Professor Roscoe. Fifth Edition, with Key, 
i8mo. 2s. 
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EIiBMBNTARY CUkSS-BOOKB Continued-^ 

POLITICAL ECONOMY. 

POLITICAL ECONOMY FOR BEGINNERS. By 

MiLLiCENT G. Fawcett. New Edition. i8mo. 2J. 6^ 

** Clear, compact, and comprehensive." — Daily News. 
"The relations of capital and labour have never been more simply or 
more clearly expounded." — Contemporary Review. 

LOGIC. 

ELEMENTARY LESSONS IN LOGIC; Deductive and 

Inductive, with copious Questions and Examples, and a 

Vocabulary of Logical Terms. By W. Stanley Jevons, M.A., 

Professor of Political Economy in University College, London. 

New Edition. Fcap. 8vo. 3^. 6d, 

*• Nothing can be better for a school-book." — Guardian. 

** A man u a l alike ^mple, interesting, and scientific."— Athbnjbum. 

PHYSICS. 

LESSONS IN ELEMENTARY PHYSICS, By Balfour 

Stewart, F.R.S., Professor of Natural Philosophy in Owens 

College, Manchester. With numerous lUiLstrations and Chromo* 

litho of the Spectra of the Sun, Stars, and Nebulae. New 

Edition. Fcap. 8vo. i^, 6d, 

'*The beau-ideal of a scientific text-book, clear, accurate, and thorough." 
Eoucationai. Times. 

PRACTICAL CHEMISTRY. 

THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY, By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Preface by 
Professor Roscoe, and Illustrations. New Edition. i8mo. 

ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY, By St. 
George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Mary's HospitaL With upwards of 400 Illustrations. 
Fcap. 8vo. 6j. 6e/. 

** It may be questioned whether any other work on anatomy contains in 
like compass so proportionately great a mass of information." — Lancet. 

*'The work is excellent, and should be in the hands of every student of 
hiunan anatomy." — Medical Times. 
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CLBMBNTARY CZJkSS-BOOKS Continued— 

MECHANICS, 

AN ELEMENTARY TREATISE. By A, B. W. 
Kennedy, C.E., Professor of Applied Mechanics iii University 
College, London. With Illustrations. \In preparation, 

AN ELEMENTARY TREATISE. By John Perry, 
Professor of Engineering, Imperial College of Engineering, 
Yedo. With numerous Woodcuts and Numerical Examples 
and Exercises. i8mo. 4r. 6^. 

" The yoang engineer and those seeking for a comprehensive knowledge 
of the use, power, and economy of steam, could not have a more useful 
work, as it is very intelligible, well arranged, and practical throughout. "— 
Ironmongbs. 

PHYSICAL GEOGRAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO^ 
GRAPHY, By A. Geikie, F.R.S., Murchison Professor 
of Geology, &c., Edinburgh. With numerous Illustrations. 
Fcap. 8vo. 41. 6d, 

QUESTIONS ON THE SAME. is. 6d. 



CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, M.A., 
F.R.G.S. Fcap. 8vo. 2j. dd. 

NATURAI. PHILOSOPHY. 

NATURAL PHILOSOPHY FOR BEGINNERS. By 
I. Todhunter, M.A., F.R.S. Part I. The Properties of 
Solid and Fluid Bodies. i8mo. 3^. 6^. 
Part II. Sound, Light, and Heat. i8mo. 3J. 6d. 

HOXItl'D— AN ELEMENTARY TREATISE, By W.H. Stone, 
M.D., F.R.S. With Illustrations. i8mo. [In the Pre,s. 

Others in Preparation. 
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MANUALS FOR STUDENTS. 

Crown 8vo. 

AND WVtXTiZ-THE STRUCTURE OF PLANTS, By 
Professor Thiselton Dyer, F.R.S., assisted by Sydney 
Vines, B.Sc, Fellow and Lecturer of Christ's College, 
Cambridge. With numerous Illustrations. [/« pre^ration, 

TAWCHTT—A MANUAL OF POLITICAL ECONOMY, 
By Professor Fawcett, M.P. New Edition, revised and 
enlarged. Crown 8vo. I2J. 6</. 

FI.EISCHER— ^ SYSTEM OF VOLUMETRIC ANALY- 
SIS. Translated, with Notes and Additions, from the second 
German Edition, by M. M. Pattison Muir, F.R.S.E. With 
Illustrations, Crown 8vo. ^s, td. 

FLOWER (W. TL.)— AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA, Being the substance of 
the Course of Lectures delivered at the Royal College of 
Surgeons of England in 1870. By Professor W. H. Flower, 
F.R.S., F.R.C.S. With numerous Illustrations. New Edition, 
enlarged. Crown 8vo. loj. dd, 

FOSTER and -BAlMTOXtB,— THE ELEMENTS OF EMBRYO- 
LOGY, By Michael Foster, M.D., F.R.S., and F. M. 
Balfour, M.A. Part I. crown 8vo. 7^, 6d, 

FOSTER and I.AN6IiSY— ^ COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY, By Michael Foster, 
M.D., F.R.S., and J. N. LanglEY, B.A. New Edition. 
Crown 8vo. 6s, 

HOOKER ('Dr.)—THE STUDENTS FLORA OF THE 
BRITISH ISLANDS, By Sir J. D. Hooker, K.C.S.L, 
C.B., F.R.S., M.D., D.C.L. New Edition, revised. Globe 
8vo. I Of. 6J, 
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MANUALS FOR STUDENTS Continued— 

UVSLUlEn— PHYSIOGRAPHY, An Introduction to the Study of 
Nature. By Professor Huxley, F.R.S. With numerous Illus- 
trations, and Coloured Plates. New Edition. Crown 8vo. ^s,6d, 

HUXLEY and MARTIN—^ COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor Huxley, F.R.S., assisted by H. N. Martin, M.B.^ 
D.Sc. New Edition, revised. Crown 8vo. dr. 

HUXLEY and VARKJUB,— ELEMENTARY BIOLOGY, 

PART IL By Professor Huxley, F.R.S., assisted by 

— Pajlker. With Illustrations. [In preparation, 

J-BMOl^H—THE PRINCIPLES OF SCIENCE. A treatise 
on Logic and Scientific Method. By Professor W.. Stanley 
Jevons, LL.D., F»R.S. New and Revised Edition. Crowft 
8vo. I2s, 6d, 

OXXVJL-Si^Vrofftnnxn)— FIRST BOOK OF INDIAN BOTANY. 
By Professor Daniel Oliver, F.R.S.^ F.L.S., Keeper of 
the Herbarium and Library of the Royal Gardens, Kew, 
With numerous, Illustrations. Extra fcap. 8vo. dr. td, 

PARKER and BWrTAirr— THE MORPHOLOGY OF 
THE SKULL By Professor Parker and G. T. Bettany. 
Illustrated. Crown 8vo. los, 6d, 

T AIT— AN ELEMENTARY TREATISE ON HEAT, By 
Professor Tait, F.R.S.E. Illustrated. \In the Press. 

TUOltiaoif— ZOOLOGY, By Sir C. Wyville Thomson, F.R.S. 
Illustrated. [In preparation, 

TYI.OR and ImANKHHTBM, — ANTHROPOLOGY, By E. 13. 
Tylor, M.A., F.R.S., and Professor E. Ray Lankester^ 
M.A., F.R.S. Illustrated. [In preparation. 

Other volumes of these Manuals will follow. 
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SCIENTIFIC TEXT-BOOKS. 

BAI.L (R. S., KM.)— EXPERIMENTAL MECHANICS, A 
Course of Lectures delivered at the Royal College of Sdence 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal College of Science 
for Ireland. Royal 8vo. I dr. 

TOBm^-B.— A TEXT BOOK OF PHYSIOLOGY. By Michael 
Foster, M.D., F.R.Si With Illustrations. New Edition, 
enlarged, with additional Illustrations. 8vo. 2\s. 

GAMGEfi —A TEXT-BOOK, SYSTEMATIC AND PR AC- 
TICAL, OF THE PHYSIOLOGICAL CHEMISTRY OF 
THE ANIMAL BODY. Including the changes which the 
Tissues and Fluids undergo in Disease. By A. Gamgee, 
M.D., F.R.S., Professor of Physiology, Owens College, 
Manchester. 8vo. [In preparation. 

GBOJiVl^AJS'R— ELEMENTS OF COMPARATIVE ANA- 
TOMY, By Professor Carl Gegenbaur. A Translation by 
F. Jeffrey Bell, B.A. Revised with Preface by Professor 
E. Ray Lankester, F.R.S. With numerous Illustrations. 
8vo. 2is, 

KJOLUBIVB— MECHANICAL THEORY OF HEAT. Trans- 
lated by Walter K. Browne. 8vo. [In preparation. 

m-EWCOVLB— POPULAR ASTRONOMY, By S, Newcomb, 
LL.D., Professor U.S. Naval Observatory. With 112 Illus- 
trations and 5 Maps of the Stars. 8vo. i&r. 

•* It is unlike anything else of its kind, and will be of more use in circulating 
a knowledge of astronomy than nine-tenths of the books. which have appeared 
on the subject of late years." — Saturday Revieu.. 

UEJJIm-EJlVIS. ■— THE KINEMATICS OF MACHINERY. 
Outlines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. Kennedy, C.E. 
With 450 Illustrations. Medium 8vo. 2ij. 
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SCIENTIFIC TEXT-BOOKS Continued^ 

ROSCOEaad SCHORIiEMMSR— C^^il//5'7^ K, A Complete 
Treatise on. By Professor H. E. RoscoB, F.R.S., and Pro- 
fessor C ScHORLEMMER, F.R.S. Medium 8vo. Vol. I.— 
The Non-Metallic Elements. With numerous Illustrations, and 
Portrait of Dalton. 2IJ. Vol II.— Metals. Part I. Illus- 
trated. \%s, [Vol. //,—Mcta/s. Part IT. in the Prsss. 

SCHORI.EMMER— ^ MANUAL OF THE CHEMISTRY OF 
THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY, By C. SCHORLEMMER, F.R.S., Professor of 
Chemistry, Owens College, Manchester. With Illustrations. 
8vo. 14J. 

NATURE SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 
J. Norman Lockyer, F.R.S. With Coloured Plate and 
numerous Illustrations. Second Edition. Crown 8vo. 31. 6d. 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
By Sir John Lubbock, M.P., F.R.S., D.C.L. With nume> 
rous Illustrations. Second Edition. Crown 8vo. 3;. 6^. 

THE TRANSIT OF VENUS. By G. Forbes, M.A., Pro- 
fessor of Natural- Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8va 3/. dd. 

THE COMMON FROG. By St. George Mivart, F.R.S., 
Lecturer in Comparative Anatomy at St Mary's Hospital. 
With numerous Illustrations, Crown 8vd. 3^. 6d, 

POLARISATION OF LIGHT. Bj W. Spottiswoode, F.R.S, 
With many Illustrations. Second Edition. Crown 8vo. 

ON BRITISH WILD FLOWERS CONSIDERED IN RE^ 
LA TION TO INSECTS. By Sir John Lubbock, M.P., 
F.R.S. With numerous IlIustratloDs. . Second Edition. Crown 
Svo. 4r. 6d, 

THE SCIENCE OF WEIGHING AND MEASURING, AND 
THE STANDARDS OF MEASURE AND WEIGHT. 
By H. W. Chisholm, Warden of the Standards. With 
numerous Illustrations. C^'own Svo. 4^. 6d, 
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NATURE SERIES Continual^ 

HOW TO DRAW A STRAIGHT LINE: a Lecture on Link, 
ages. By A. B. Kemps. With Illustrations. Crown 8vo. ix. 6d. 

LIGHT: 2l Series of Simple, entertaining, and Inexpensive Expe- 
riments in the Phenomena of Light;, for the Use of Students of 
every age. By A. M. Mayer and C. Barnard. Crown 8vo, 
with numerous Illustrations. 2s. 6d, 

SOUND : a Series of Simple, Entertaining, and Inexpensive Ex- 
periments in the Phenomena of Sound^ for the use of Students 
of every age. By A. M. Mayer, Professor of Physics in 
the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8vo. 3^. 6d, 

FIELD GEOLOGY, By Prof. Geikik^ F.R.S., Director of the 
Geological Survey of Scotland. [/« the Press, 

Other volumes to follow, 

EASY LESSONS IN SCIENCE. 

HEAT, By Miss C. A. Martineau: Edited by Prof. W^ F. 
Barrett. \In preparation, 

LIGHT By Mrs. Awdry. Edited by Prof. W. E. Barrett. 

^ [In preparation, 

ELECTRICITY, By Prof, W. F. Barrett. \In preparation, 

SCIENCE LECTURES AT SOUTH 
KENSINGTON. 

VOL, I, Containing Lectures by Capt Abney, Prof. Stokes, 
Prof. Kennedy, F. G. Bramwell, Prof, a Forbes, H. c! 
SoRBY, J. T. Bottomley, S. H. Vines, and Prof. Carey 
Foster. Crown 8vo. 6^; 

VOL. II, Containing Lectures by W. Spottiswoode, P.R.S., 
• Prof: Forbes, Prof. Pigot, Prof. Barrett, Dr. Burdon- 
. Sanderson, Dr. Lauder Brunton, F.R.S., Prof. Roscoe, 
and others. Crown 8vo, 6j. 
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MANCHESTER SCIENCE LECTURES 
FOR THE PEOPLE. 

Eighth Series, 1876-7. Crown 8vo. Illustrated. 6d. each. 
WHAT THE EARTH IS COMPOSED OF. By Professor 

KoscoE, F.R.S. 
THE SUCCESSION- OF LIFE ON THE EARTH By 

Professor Williamson, F.R.S. 
WHY THE EARTHS CHEMISTRY IS AS IT IS. By 
J. N, LOCKYER, F.R.S. 
Also complete in One Volume. Crown Svo. doth. 2s. 

BI.ANFORD— 7W^ RUDIMENTS OF PHYSICAL GEO- 
GRAPHY FOR THE USE OF INDIAN SCHOOLS; 
with a Glossary of Technical Terms employed. By H. F. 
Blanford, F.R.S. New Edition, with Illustrations. Globe 
Svo. 2s, 6d 

OOUDOIX—AN ELEMENTARY BOOK ON HEAT. By 
J. E. H. Gordon, B.A., Gooville and Caius College, Cam- 
bridge. Crown 8v6. 2s, 

WKJRNVRIOIL'^OUTLINES OF PHYSIOLOGY /N ITS 
RELATIONS TO MAN. By J. G. M'Kendrick, M.D., 
F.R.S.E. With Illustrations. Crown Svo. 12s. 6ti. 



^STUDIES IN COMPARATIVE ANATOMY. 
No. I. — The Skull of the Crocodile : a Manual for Students. 
By L. C. Miall, Professor of Biology in the Yorkshire College 
and Curator of the Leeds Museum. Svo. 2s, (id. 

No. II. — Anatomy of the Indian Elephant. By L. C. MiALL 
and F. Greenwood, With Illustrations. Svo. %$. 

IKQl'Si— PRACTICAL CHEMISTRY FOR MEDICAL SlU- 
DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E, Fcap. Svo. is. 6d. 

SUAKK—AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown Svo. 4s. 6d. 

"WRIQUT—METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c. 
Lecturer on Chemistry in St. Mary's Hospital Medica School. 
Extra fcap. Svo. 3*. 6d. 

c 
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HISTORY. 

^STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2J. 6d. 

" The attempt appears to us in every way successfuL The stories are 
interesting in themselves, and are told wito perfect simplicity and good 
feeling." — Daily News. 

FREEMAlf (ED^VARD K.^-^OLD-ENGLISH HISTORY. 
By Edward A. Freeman, D.C.L., LL.D., late Fellow of 
Trinity College, Oxford. With Five Coloured Maps. New 
Edition. . Extra fcap. 8vo. half-bound. ' dr. 

GREEN— ^ SHORl HISTORY OF THE ENGLISH 
PEOPLE. By John Richard Green. With Coloured 
Maps, Genealogical Tables, and Chronological Annals. 
Crown 8va %s. 6d, Fifty-fifth Thousand. 

*' Stands alone as the one general history of the country, for the sake 
of which all others, if young and old are wise, will be speedily and surely 
set aside." — ^Academy. 

HISTORICAI. COURSE FOR SCHOOI.S — Edited by 
Edward A. Freeman, D.C.L., late Fellow of Trinity 
College, Oxford. 

L GENERAL SKETCH OF EUROPEAN HISTORY. 

By Edward A. Freeman, D.C.L. New Edition, revised 

and enlarged, with Chronological Table, Maps, and Index. 

i8mo. cloth. 3 J. 6d. 

** It supplies the great want of a good foundation for historical teaching. 
The scheme is an excellent one, and this instalment has been executed m 
a way that promises much for the volumes that are yet to appear."— 
Educational Times. 

II. HISTORY OF ENGLAND. By Edith Thompson. 
New Edition, revised and enlarged, with Maps. i8mo. ^j, 6d. 

III. HISTORY OF SC 07 LAND. By Margaret 
Macarthur. New Edition. i8mo. 2j. 

"An excellent summary, unimpeachable as to facts, and pnttiag tkem 
in the dearest and most impartial light attainable.*'-~-GvARDiAN. 

IV. HISTORY OF ITALY. By the Rev. W. Hunt, M. A. 

i8mo. jx. 

*' It possesses the same solid merit as its predecessors .... the same 
scrupulous care about fidelity In details. ... It is dtsttngnished, too, by 
information on art, architectture, and social politics, in wluchthe writer's 
erasp is seen by the firmness and clearness of his touch"— Educatiokal 
Times. 
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HISTORICAI* COURSE FOR SCHOOItS Continued— - 

V. HISTORY OF GERMANY. By J. Sime, M.A. 
i8mo. 3 J. 



<« 



' A remarkably cleared impressive history of Germany. Its great 
events are wisely kept as central figures and the smaller events are care- 
fully kept, not only subordinate and subservient, but most skUfully woven 
into the texture of the hbtorical tapestry presented to the eye." — 
Standard. 

VI. HISTORY OF AMERICA. By John A. Doyle. 

With Maps. i8mo. 41. 6d, 

" Mr. Doyle has performed his task with admirable care, fulness^ and 
clearness, and for the first time we have for schools an accurate and inter- 
esting history of America, from the earliest to the present time."— 
Standard. 

EUROPEAN COLONIES. By E. J. Payne, M. A. With 
Maps. i8mo. 4/. dd. 

'*We have seldom met with an nistorian capable of forming a more 
comprehensive, far-seeing, and unprejudiced estimate of events and 
peoples, and we can commend this little work as one certain to prove of 
the highest interest to all thoughtful readers." — ^Timbs. 

• 

FRANCE, By Charlotte M. Yonge. [In preparation. 

GREECE, By Edward A. Freeman, D.C.U. 

\rn pi'eparation. 

ROME. By Edward A. Freeman, D.C.L. \^In preparation. 

HISTORV PRIMERS— Edited by JOHN RICHARD Green. 
Author of ** A Short History of the English People." 

ROME. By the Rev. M. Creighton, M.A., Fellow and 
Tutor of Merton College, Oxford. With Eleven Maps. i8mo. 

IJ. 

"The author has been curiously successful in telling in an intelU- 
gent way the story of Rome from first to last." — School Boarb 
Chronicle. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor 
<rf University College, Oxford. With Five Maps. l8mo. \s. 

"We give our unqualified praise to this little manual.'*— School- 
master. 

EUROPEAN HISTORY. By E. A. Freeman, D.C.L. , 
LL.D. With Maps. i8mo. \sl 

" The work is always clear, and forms a luminous key to European 
history." — School Board Chronicle, 
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HISTORY PRIMERS CotUinucd— » 

GREEK ANTIQUITIES, By the Rev. J. P. Mahaffy, 

M.A. Illustrated. i8mo. \s, 

" All that is necessary for the scholar to know is told so compactly yet 
so fully, and in a style so interesting, that it is impossible for even the 
dullest boy to look on this little work in the same light as he r^;wrds his 
other school books."— Schoolmaster. 

CLASSICAL GEOGRAPHY. By H. F. ToZER, M.A. 
i8mo. \s, 

"Another valuable ud to the study of the ancient world. ... It 
contains an enormous quantity of information packed into a small ^acc, 
and at the same time communicated in a very readable shape." — ^John 
Bull. 

GEOGRAPHY. By George Grove, D.C.L. With Maps. 

i8mo. IJ. 

' * A model of what such a work should be .... we know of no short 
treatise better suited to infuse life and spirit into the dull lists of proper 
names of which our (»rdinary class-books so often almost exclusively 
consist. " — Times. 

ROMAN ANTIQUITIES. By Professor Wilkins. Illus- 
trated. i8mo. I J. 

" A little book that throws a bla»e of light on Roman History, and 
is, moreover, intensely interesting." — School Board Chronicle. 

FRANCE, By Charlotte M. Yonge. iSnio. \s. 

In preparation : — 
ENGLAND. By J. IL Green, M.A. 

MICHEI.ET— ^ SUMMARY OF MODERN HISTORY. 
Translated from the French of M. Michelet, and continued 
to the Present Time, by M. C. M. Simpson. Globe Svo. 
4f . 6d, 

OTTk— SCANDINAVIAN HISTORY By E. C. OTXi. 
With Maps. Globe 8vo. 6^. 

VAVImI— PICTURES OF OLD ENGLAND. By Dr. R. 
Pauli. Translated with the sanction of the Author by 
E. C. Ott^. Cheaper Edition. Crown 8vo. 6s. 

TAIT— ANALYSIS OF ENGLISH HISTORY, based un 
Green's ** Short History of the English People." By C. W. A. 
Tait, M.A., Assistant Master, Cliflon College. Crown 8-vo, 
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YONGE (CHARI.OTTE M.)— ^ PARALLEL HiSTORY OJF 
FRANCE AAD ENGLAND : consisting of Outlines and 
Dates. By Charlotte M. Yonge, Author of " The Heir 
of Redclyffe," &c., &c. Oblong 4to. y. 6d. 

CAMEOS FROM ENGLISH HISTORY. -^YKOU 
ROLLO TO EDWARD II. By the Author of *« The Heir 
of RedclyfTe." Extra'fcap. 8vo. New. Edition. 5^. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY— THE WARS IN FRANCE. New Edition. 
Extra fcap. 8vo. 5^. 

4 THIRD SERIES OF CAMEOS FROM ENGLISH 
HIS TORY—THE WARS OF THE ROSES. New Edition. 
Extra fcap. 8vo. Sj. 

A FOURTH SERIES. [In the press, 

'EUROPEAN HISTORY. Narrated in a Series of 
Historical Selections from the Best Authorities. Edited and 
arranged by E. M. Sewell and C. M. YoNGE. First Series, 
1003 — 1 1 54. Third Edition. Crown 8vo. 6s. Second 
Series, 1088 — 1228. New Edition. Crown 8vo. 6s. 



DIVINITY. 

For other Works by these Authors, see Theological 

Catalogue, 



* ♦ 

* 



ABBOTT (REV. E. IL,)— BIBLE LESSONS. By the Rev. 
E. A. Abbott, D.D., Head Master of the City of London 
School. New Edition. Crown 8vo. 4f. 6d, 

** Wise, suggestive, and really profound initfadon into religious thought. ** 

— Guardian. 

ARNOLD—^ BIBLE-READING FOR SCHOOLS— THE 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — ^Ixvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., formerly 
Professor of Poetry in the University of Oxford, and Fellow 
of OrieL New Edition. i8mo. cloth, is. 
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ARNOI.D CoHiUtUHi^l 

ISAIAH XL—LXVI, With the Shorter Prophecies aUied 
to it Arranged and Edited, with Notes, by Matthsw 
Arnold. Crown 8vo. $s, 

GOI.DEN TREASURY PSAXiTER— Students' Edition. Beii^ 
an Edition of "The Psalms Chronologically Arranged, by 
Four Friends," with briefer Notes. i8mo. jj. (td, 

GREEK TESTAMENT. Edited, with Introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. Two 
Vols. Crown 8vo. [In the press. 

HARDWICK — Works by Archdeacon Hard wick. 

A HISTORY OF THE CHRISTIAN CHURCH 
Middle Age. From Gr^ory the Great to the Excommuni- 
cation of Luther. Edited by William Stubbs, M.A., Regius 
Professor of Modem History in the University of Oxford. 
With Four Maps constructed for this work by A. Keith John- 
ston. Fourth Edition. Crown 8vo. ioj. 6d. 

A HIS TOR Y OF THE CHRISTIAN CHURCH DURING 
THE RE FORMA TION, Fourth Edition. Edited by Pro- 
fessor Stubbs. Crown 8vo. loj. 6^. 

ILlKGc— CHURCH HISTORY OF IRELAND. By the Rev. 
Robert King. New Edition. 2 vols. Crown 8vo. 

[In preparation, 

MACIrEAR — Works by the Rev. G. F. Maclear, D.D., Head 
Master of King's College School. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. 
New Edition, with Four Maps. i8mo. 4?. 6d, 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and New Testament. 
With Four Maps. New Edition. i8mo. 5j. dd, 

A SHILLING BOOK OF OLD TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. cloth. New Edition. 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. cloth. New Edition. 
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•MAOLSAR Continued— 

These works have been carefully'abridged from the author's 
larger manuals. 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. New Edition. i8mo. cloth. 

A FIRST CLASS-BOOK OF THE CATECHISM OF 
THE CHLRCH OF ENGLAND^ with Scripture Proofis, 
for Junior Classes and Schools. i8mo. (id. New Edition. 

A MANUAL OF INSTRUCTION FOR CONFIRMA- 
TION AND FIRST COMMUNION WITH PR A VERS 
AND DEVOTIONS. 32mo. cloth extra, red edges, us. 

IM'CI.E1.I.AN— 77/£ NEW TESTAMENT A New Trans- 
lation on the Basis of the Authorised Version, from a Critically 
revised Greek Text, with Analyses, copious References and 
Illustrations from original authorities. New Chronological 
and Analytical Harmony of the Four Gospels, Notes and Dis- 
sertations. A contribution to Christian 'Evidence. By John 
Brown M*Clellan, M.A., late Fellow of Trinity Collie, 
-Cambridge. In Two Vols. Vol. I. — ^The Four Gospels witli 
the Chronological and Analytical Harmony. 8vo. 30^. 

" One of the most remarkable productions of recent times," says the 
Theological Review, "in this department of sacred literature;'* and the 
British Quarterly Review terms it **a thesaurus of first-hand investiga- 



tions." 



1HAVB,IC^— THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS, Manual for Parents and School- 
masters. To which is added the Order of the Scriptures. By the 
Rev. F. Denison Maurice, M.A. i8mo. cloi, limp. u. 

-PROCTER—^ HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Francis 
Procter, M.A. Thirteenth Edition, revised and enlarged. 
Crown 8vo. los, 6d, 
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PROCTER AND VLIlCU^AJB,— AN ELEMENTARY JNTRO- 
DUCTION TO THE BOOK OF COMMON PRA YER, 
Re-arranged and supplemented by an Explanation of the- 
Moming and Evening Prayer and the Litany. By the 
Rev. F. Procter and the Rev. Dr. Maclear. New 
and Enlarged Edition, containing the Communion Sewice and* 
the Confirmation and Baptismal Offices. iSmo. %s» 6d.^ 

PSAIiMS or DAVID CHRONOI.OGICAX.IiY ARHANGBD. 
By Four Friends. An Amended Version, with HistoricaL 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Cr. 8vo. &y, 6d, 

nAMSATf—THE C A TECHISER'S MANUAL; or, the Church 
Catechism Illustrated and Explained, for the Use of Clergy- 
men, Schoolmasters, and Teachers. By the Rev. Arthur 
Ramsay, M.A. New Edition. i8mo. is, 6d, 

SlVLVaOK— AN EPITOME OP THE HISTORY OF THE: 
CHRISTIAN CHURCH By William Simpson, M.A. 
New Edition. Fcap. 8vo. 3j. 6e/. 

TRENCH— By R. C. TRL:NCH, D.D., Archbishop of Dublin. 
LECTURES ON MEDIEVAL CHURCH HISTORY. 
Being the substance of Lectures delivered at Queen's Collqge,. 
London. Second Editiou, revised. 8vo. \2s. 

SYNONYMS OF THE NEW 7ESTAMENT. Eighth 
Edition, revised. 8vo. \is, 

WESTCOTT — Works by Brooke Foss Wkstcott, D.D., Canon 
of Peterborough. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES, Fourth Edition. With^ 
Preface on " Supernatural Religion." Crown 8vo. loj. 6^. 

INTRODUCTION TO THE STUDY OF THE FOUR- 
GOSPELS, Fifth Edition. Crown 8vo. los, dd. 
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"WESTCOTT Continued — 

THE BIBLE IN THE CHURCH, A Popular Account 
of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. New Edition. i8mo. cloth. 
4^. dd, 

THE GOSPEL OP THE RESURRECTION, Thoughts- 
on its Relation to Reason and History. New Edition. 
Crown 8vo. dr. 

WITmSON— THE BIBLE STUDENT'S GUIDE to the more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully revised. 4to. 
cloth. 2$s. 

YONGE (CHARI.OTTE M.y-SCRIBTURE READINGS FOR 
SCHOOLS AND FAMILIES, By Charlotte M. Yonge^ 
Author of "The Heir of Redclyffe." 

First Series. Genesis to Deuteronomy. Globe Svot, 
15, 6d, With Comments. 3^. 6d, 

Second Series. From Joshua to Solomon. Extra fcap. 
8vo. is, 6d, With Comments, 3^. td. 

Third Series. The Kings and the Prophets. Extra fcap. 
8vo. is, 6d. With Comments, 3^, 6d, 

Fourth Series. The Gospel Times, is, 6d, With 
Comments, extra fcap. 8vo., 3J. td. 

Fifth Series. [In thepress,^ 

MISCELLANEOUS. 

Including works on EngUshy French^ and German Language ana 
Liter aiure. Art Hand-books, C^^c., ^c, 

ABBOTT—^ SHAKESPEARIAN GRAMMAR, An Attempt 
to illustrate some of the Differences between Elizabethan and 
Modem English. By the Rev. E. A. Abbott, D.D., Head 
Master of the City of London School. New Edition. Extra 
fcap. 8vo. 6s, 
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AHDBR»ON — Z/iVAVii^ PERSPECTIVE, AND MODEL 
DRAWING. A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laurence Anderson. With lUustratioBs. 
K(^ral 8vo. 2J. 



^FIRST LESSONS IN THE PRINCIPLES OF 
COOKING, By Lady Barker. New Edition. i8mo. \s. 



BARB IE R DE SE VILLE. Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant 
Master in St. Paul's School. Fcap. 8vo. 3^. dd, * 



^FIRST LESSONS ON HEALTH, By J. Ber- 
NERS. New Edition. i8mo. u. 



\—THE TEACHER, Practical Suggestions for 
the improvement of Primary Listruction. By J. R. Blakiston, 
M. A., II. M. Inspector of Schools. Crown 8vo. 

[Imniediaidy. 



r — Works by Hermann Breymann, Ph.D., Pro- 
fessor of Philology in the University of Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES, Second Edition. Extra fcap, 8vo. 4J. 6d. 

FIRST FRENCH EXERCISE BOOK, Extra fcap. S^o. 
SECOND FRENCH EXERCISE BOOK Extra fcap. 8vo. 

OiLJJ^EXWOOli-'HANDBOOK OF MORAL PHILOSOPHY, 
By the Rev. Henry Calderwood, LL.D., Professor of 
Moral Philosophy, University of Edinburgh. New Edition. 
Crown 8vo. dr. 



\—A BEGINNER'S DRAWING BOOK. By 
P. H. Delamotte, F.S.A. Progressively arranged. New' 
Edition improved. Crown 8vo. jr. 6d, 

TA-WOVITT— TALES IN POLITICAL ECONOMY, By 
Millicent Garrett Fawcett. Globe 8vo. jj. 
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nRARON—SCIfOOL INSPECTION. By D. R. Fearon» 
M.A., Assistant Commissioner of Endowed Schools. Third 
Edition. Crown 8vo. zs, 6d, 

^ImSLDVTOJX^— SPELLING REFORM FROM AN EDU- 
CATIONAL POINT OF VIEW, By J. H. Gladstone, 
F.R.S., Member for the School Board for London. New 
Edition. Crown 8vo. is, 6d, 

GOLDSMITH— 73^^ TRA VELLER, or a Prospect of Society ; 
and THE DESERTED VILLAGE, By Oliver Gold- 
smith. With Notes Philological and Explanatory, byj. W. 
Hales, M.A. Crown 8vo. 6d, 



—READINGS FROM ENGLISH HISTORY, Se- 
lected and Edited by John Richard Green, M.A., LL.D., 
Honorary Fellow of Jesus College, Oxford. Three Parts. 
Globe 8vo. is, 6d, each* [Shortly. 



^LONGER ENGLISH POEMS, with Notes, Philo- 
logical and Explanatory, and an Introduction on the Teaching 
of English. Chiefly for Use in Schools. Edited by J. W. 
Hales, M.A,, Professor of English Literature at King's 
CoU^;e, London, &c. &c. New Edition. Extra fcap. 8vo. 
4r. 6d, I.. 

H01.E— ^ GENEALOGICAL STEMMA OF THE KINGS 
OF ENGLAND AND FRANCE. By the Rev. C. Hole, 
On Sheet, u. 

JOHNSON'S LIVES OF THE POETS. The Six Chief Lives^ 
(Milton, Dryden, Swift, Addison, Pope, Gray), with Macaula3r's^ 
"Life of Johnson." Edited with Preface by Matthkiw 
Arnold. Crown 8vo, dr. 

LITERATURE PRIMERS — Edited by JOHN RICHARD GrEE27, 
Author of ** A Short History of the English People." 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., 
sometime President of the Philological Society. i8mo. 
cloth, ij. 
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XiITERATURE PRIMERS Continued— 

ENGLISH GRAMMAR EXERCISES. By R. Morris, 
LL.D., and H. C. Bowen, M.A. i8mo. is, 

THE CHILDREN'S TREASURY OF LYRICAL 
POETRY. Selected and arranged with Notes by Francis 
Turner Palgrave. In Two Parts. i8mo. u. each. 

ENGLISH LITERATURE. By the Rev. Stopford 
Brooke, M.A. New Edition. i8mo. \s, 

PHILOLOGY. By J. Peile, M.A. i8mo. is, 

GREEK LITERATURE. By Professor Jebb, M.A. i8mo. is. 

SHAKSPERE. By Professor Dowden. i8mo. is. 

HOMER. By the Right Hon. W. E. Gladstone, M.P. 
i8mo. I J. ' 

ENGLISH COMPOSITION. By Professor NiCHOL. i8mo. 

IS. 

In preparation : — 

GEOGRAPHY OF GREA T BRITAIN AND IRE- 
LAND. By J. R. Green, and Alice Stopford Green. 

[Nearly ready. 

LA TIN LITERA TURE. By Professor Seeley. 

HISTORY OF THE ENGLISH LANGUAGE. By 
J. A. H. Murray, LL.D. 

macukxiiIiAN's copy-books^ 

Published in two sizes, viz. : — 

1. Large Post 4to. Price 4^. each. 

2. Post Oblong. Price 3<i each. 

♦i. INITIATORY EXERCISES &» SHORT LETTERS 
*2. WORDS CONSISTING OF SHORT LETTERS. 
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^MACMIItliAN'S COPY-BOOKS Continued— 

*3. LONG LETTERS. With words containing Long 
Letters — Figures. 

*4. WORDS CONTAINING LONG LETTERS, 

4a. PRACTISING AND' REVISING COPY-BOOR', For 
Nos, I to 4. 

*S. CAPITALS AND SHORT HALF- TEXT. Words 
beginning with a Capital. 

*6. HALF- TEXT WORDS, beginning with a Capital- 
Figures. 

*7. SMALL-HAND AND HALF- TEXT With Capitals 
- and Figures. 

*8. SMALL-HAND AND HALF-TEXT. With Capitals 
and Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For 
Nos. 5 to 8. 

*9. SMALL-HAND SINGLE HEADLINES--T\^x^%. 

10. SMALL-HAND SINGLE HEADLINES-^Figaxts, 

*ii. COMMERCIAL AND ARITHMETICAL EX- 
AMPLES, &^c. . 

12a. PRACTISING AND REVISING COPY-BOOR-, For 
Nos. 8 to 12. 

* 7>5^J<? numbers may be had 7uith Goodmaris Patent Sliding 
Copies, Large Post 4to. Price 6^, each. 



By a simple device the topics, which are printed upon separate 
slips, are arranged with a movable attachment, by which they 
are adjusted so as to be directly before the eye of the pupil at 
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MACMIIiIiAN'S OOFV-BOOKS Continued— 

all points of his progress. It enables him, also, to keep his 
oNvn faults concealed, with perfect models constantly in view 
for imitation. Every experienced teacher knows the advantage 
of the slip copy, but its practical application has never before 
been successfully accomplished. This feature is secured ex- 
clusively to Macmillan*s Copy-books under Croodman's patent. 
An inspection of books written on the old plan, with copies 
at the head of the page, will show that the lines last written at 
the bottom are almost invariably the poorest. The copy has 
been too far from the pupiFs eye to be of any practical use, 
and a repetition and exaggeration of his errors have been the 
result. 

MACMIIiIJlN'S PR06RESSIVB FRENCH COURSE— By 

G. Eugene-Fasnacht, Senior Master of Modem Languages, 
Harpur Foundation Modem School, Bedford. 

I. — First Year, containing Easy Lessons on the Regular Ac- 
cidence. Extra fcap. 8vo. u. 

II. — Second Year, containing Conversational Lessons on 
Systematic Accidence and Elementary Syntax. With Philo- 
logical Illustrations and Et3nnological Vocabulary, is, 6d. 

MAOMTTiTiATrS PBOOBBSSZVB OEBBCAET COITRSB— By 

G. Eugene Fasnacht. 

Part I. — First Year. Easy Lessons and Rules on the Regular 
Accidence. Extra fcap. 8vo. is, 6d. 

Part II. — Second Year. Conversational Lessons in S)rs- 
tematic Accidence and Elementary Syntax. With Philological 
Illustrations and Etymological Vocabulary. Extra fcap. 
8va 2J. 

MARTIN— 7Xr^ POET'S HOUR: Poetry selected and 
arranged for Children. By Frances Martin. Third 
Edition. iSmo. 2s, 6d, 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Martin. Second Edition. i8mo. 3J. 6d, 
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MA8SON (GUSTAVB>— ^ COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-English, and 
English-French). Followed by a List of the Principal Di- 
verging Derivations, and preceded by Qironological and 
Historical Tables. By Gustavs Masson, Assistant-Master 
and Librarian, Harrow School Fourth Edition. Crown Svo. 
half-bound, dr. 

MORRIS — ^Works by the Rev. R. Morris, LL.D., Lectuser 
on English Language and Literature in King's Collie 
School. 

HISTORICAL OUTLINES OF ENGUSH ACCIDENCE, 
comprising Chapters on the History and Development of th« 
Language, and on Word-formation. New Edition. Extra 
fcap. Svo. 6u. 

ELEMENTAR'^ LESSONS IN HISTORICAL 
ENGLISH GRAMMAR, containing Accidence and Word- 
formation. New Edition. i8mp. 2s, 6d, 

PRIMER OF ENGLISH GRAMMAR. i8mo. is. 

ISlQOlM— HISTORY OF THE FRENCH LANGUAGE, 
with especial reference to the French element in English. By 
Henry Nicol, Member of the Philological Society. 

[/« preparation, 

mxmAxn—THE old anii middle English, a 

New Edition of " THE SOURCES OF STANDARD 
ENGLISH" revised and greatly enlarged. By T, KiNGTON 
Oliphant. Extra fcap. Svo. 9^. 

PAI.aRAVE— rJZfi CHILDREN'S TREASURY OF 
LYRICAL POETRY. Selected and Arranged with Notes 
by Francis Turner Palgrave. iSmo. 2s. 6d. Also in 
Two parts. iSmo. is. each. 

FXiXXTARCH — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Intro- 
ductions, Notes, Index of Names, and Glossarial Incix, by 
the Rev. W. W. Skeat, M.A. Crown Svo. 6s. 

d 



50 MACMILLAN'S EDUCATIONAL CATALOGUE. 

niMDHrr—NElV GUIDE TO GERMAN CONVERSA- 
TION: containing an Alphabetical List of nearly 8bo Familiar 
Words followed by Exercises, Vocabulary of Words in frequent 
use ; Familiar Phrases and Dialogues ; a Sketch of Gertnan 
Literature, Idiomatic Expressions, &c. By L. Pylodet. 
l8mo. cloth limp, ts, 6d, 

A SYNOPSIS OF GERMAN GRAMMAR. From the 
above. iSmo. (kL 

READING BOOKS — Adapted to the English and Scotch Codes. 
Bound in Cloth. 

PRIMER, i8ma (48 pp.) 2d, 

BOOK L for Standard I. i8mo. (96 pp.) 4^. 

II. „ II. i8mo. (144 pp.) 5^- 

III. „ IIL i8mo. (160 pp.) 6^. 

IV. „ IV. i8mo. (176 pp.) %d. 

V. „ V. rSino. (380 pp.) is. 

VI. „ Vl. Crown 8vo. (436 pp.)' is. 






Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

"They are t2x abov^ toy others that have 9jf^^taxiA both in f(6n6 and 
substance. . . . The editor of the present series has r^htly seed that 
reading books must * aim chiefly at giving to the pupils the ])ower of 
accurate, and, if possible, apt and skilful expression ; at cultivating in 
them a good literary taste, and at arousiog a denre of further reading. 
This is done by taking care to select the extracts from true English classi^ 
going up £11 Standard VI. course to Chaucer, Hooker, and Bacon, as well 
as Wordsworth, Macaulay, and Froude. . . . This is quite on the right 
track, and indicates justly the ideal which we ought to set before us. — 
Guardian. 

SHAKESPEABE— ^ SHAKESPEARE MANUAL, By F. G. 
Fleay, M.A., Head Master of Skipton Grammar Schoci* 
Second Edition. Extra fcap. 8vo. 4r. (d, 

AN ATTEMPT TO DETERMINE TtiE d/RONO- 
LOGICAL ORDER OF SHAKESPEARE'S PLAYS, 
By the Rev. H. Paine Stokes, B.A. Extra fcap. 8vo. 
4r. 6d, 

THE TEMPEST, With Glossarial and Explanatory Nbtes. 
By the Rev. J. M. Jephson. Second Edition. i8mD. is. 
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90NNBN9CHEIN and .MB1;KI<EJ0E(K — 7 HE ENGLISH 
METHOD OF TEACHING TO READ. By A. Son- 
NENSCHEifi and J. M. D. Mi^iKLEjOHN, M.A. Fcap. Bvo. 

COMPRISING t 

THE NURSERY BOOK, containing all the Two-Letter 
Words in the Language, id, (Also in Large Type on 
Sheets for School Walls. 5^.) 

THE FIRST COURSE, consisting 'of Short Vowels with 
Sin^ Consonants. 6d, 

THE SECOND COURSE, with Combinations and Bridges, 
consisting of Short Vowels with Double Consonants. 6d, 

THE THIRD AND FOURTH COURSES, consisting of 
Long Vowels, and aU-the Double Vowels ia the Language. 
6d. 

, ■ "These. are admirable books, because tfiey are constructed on a prtii' 
dple, and that the simplest prtneiple on which it is possible to learn to i>ea(l 
Kngijsh. "—Sfbctator. 

TKf^Jil^J^— FIRST PRINCIPLES OF A GRICUL TURK, By 
H. Tanner, F.C.S., Professor of Agricultural Science, 
University College, Aberystwith, &c. l8mo. u. 

TKITLOB,— WORDS AND PLACES; or, Etymological lilos- 
trations of History, Ethnology, and Geography. By the Rer. 
Isaac Taylor, M.A. Third and cheaper Edition, revised 
and compressed. With Maps. Globe 8vo. dr. 

A HISTORY OF THE ALPHA RET By the same 
\Aiithor. [In preparation. 

TAYIiOR— ^ PRIMER OF PIANOFORTE PLA YING. By 
Franklin Taylor. Edited by Geqrge Grqvb. i8mo. is 

T&klETXBTEB.'- HOUSEHOLD MANAGEMENT AND 

COOKERY. With an Appendiic of Recipes used by the 

Teachers of the National School of Cookery. By W. B. 

Tegetmeier. Compiled at the request of the School Board 

for London. i8mo. is. 
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THRING — Works by EDWARD Thring, M.A., Head Master of 

Uppingham. 

THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH, With Questions. Fourth Edition. i8mo. 2J. 

, THE CHILIS S GRAMMAR. Being the Substance of 
"The Elements of Grammar taught in EngUsh," adapted for 
t-^ the Use of Junior Classes. A New Edition. i8mo. u. 

SCHOOL SONGS, A Collection of Songs for Schools. 
With the Music arranged for four Voices. Edited by the 
Rev. E. Thring and H. Riccius. Folio. *js, 6d, 

TRSNCH (ARCHBISHOP)— Works by R. C, TrenpH, D.D., 

Archbishop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POETRY, Selected 
and Arranged, with Notes. Second Edition. Extra fcap. 8vo. 
5j. 6d, 

ON THE STUDY OF WORDS. Lectures addressed 
(originally) to the Pupils at the Diocesan Training School, 
Winchester. Seventeenth Edition, revised. Fcap. 8vo. 5j, 

ENGLISH, FAST AND PRESENT, Tenth Edition, 
revised and improved. Fcap. 8vo. 5^. 

A SELECT GLOSSARY OF ENGLISH WORDS, used 
formerly in Senses Different from their Present. Fcap^ 
Svo. 4J. 6d. [New Edition in the Press, 

VAU6HAN (C. M.)- WORDS FROM THE POETS. By 
C. M. Vaughan. Eighth Edition. i8mo. cloth, is, 

VTEIR-^HARRISON WEIR'S DRA WING COPY-BOOKS. 
Oblong 4to. 1. Animals. [In preparation, 

WHiTNBY — ^Works by WiLLiAM D. WHITNEY, Protessor of 
Sanskrit and Instructor in Modem Languages in Yale Collie ; 
first President of the American Philological Association, and 
hon. member of the Royal Asiatic Society of Great Britain and 
Ireland ; and Correspondent of the Berlin Academy of Sciences. 

A COMPENDIOUS GERMAN GRAMMAR, Crown 
8vo. 4f. 6d, 
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WHITNEY ConHnued— 

A GERMAN READER JN PROSE AND VERSE, with 
Notes and Vocabulary. Crown 8vo. *5j. 

VfTRlOM^TSCffOOL COOKERY. Edited by C. E. GuTHRIB 
Wright, Hon. Sec. to the Edinburgh School <^ Cookery. 
iSmo. [Shartiy. 

WHITNBY AND S;DaR|5N— ^ COMPENDIOUS GERMAN 
AND ENGLISff D/CT/ONAR I, with NotSLtion of CoT' 
respondences and Brief Etymologies. By Professor W. D. 
Whitney, assisted by A, H. Edgrkn. Crown 8vo. js, 6d. 

THE GERMAN-ENGLISH PART, separately, Sj. 

YON6B (CHARIiOTTE VL,)—THE ABRIDGED BOOK OF 
GOLDEN DEEDS. A Reading Book for Schools and 
general readers. By the Author of "The Heir of Red- 
clyfTe." i8mo. cloth, u. 



MAOMILLAN'S 

GLOBE LIBRARY. 

Beautifully printed on toned paper, price y, 6d. each. Also kept 
in various morocco and. calf bindings, at moderate prices. 

The Saturday Review says : — " The Globe Editions are admirable 
for their sdiolariy editing, their typographical excellence, their 
compendious form, and th& cheapness." 

Tlie Daily Telegraph calls it ** a series yet unrivalled for its com- 
bination of excellence and cheapness." 

SHAKESPBARB^S COMPLETE WORKS. Edited by W.G. 
Clark, M.A., and W. Aldis Wright, M. A. With Glossary. 

MORTE D' ARTHUR. Sir Thomas Malory's Book. of King 
Arthur and of his Noble Knights of the Round Table. Tbc 
Edition. of Caxton, revised for Modem Use. With an Intro- 
duction, Notes, and Glossary, by Sir Edward Strachey. 

BURNS' S COMPLETE WORKS: the Poems, Songs, and 
Letters. Edited, with Glossarial Ifidex and Biographical 
Memoir, by Alexander Smith. 

ROBINSON CRUSOE. Edited after the Original Editions, with 
Biographical Introduction, by Henry Kingsley. 

SCOTT'S POETICAL WORKS. With Biographical and Critica 
Essay, by Francis Turner Palgrave. 

GOLDSMITfPS MISCELLANEOUS WORKS. With Bio- 
graphical Introduction by Professor Masson. 

SPENCER'S COMPLETE WORKS. Edited, with Glossary, 
by R. Morris, and Memoir by J. W. Hales. 

POPE'S POETICAL WORKS Edited, with Notes and Intro- 
ductory Memoir, by Professor Ward. 

DRY DEN'S POETICAL WORKS. Edited, with a Revised 
Text and Notes, by W. D. Christie, M.A., Trinity College, 
Cambridge. 

COWPER'S POETICAL WORKS. Edited, with Notes and' 
Biographical Introduction, by W. Benham. 

VIRGIVS WORKS. Rendered into English Prose. With Intro- 
ductions, Notes, Analysis, and Indeit, by J. Lonsdale, M.A., - 
and S. Lee, M.A. 

HORA CE. Rendered into English Prose. With runniiig Analysis, 
Introduction, and Notes, by J. Lonsdale, M.A., and S. Lee, 
M.A. 

MILTON'S POETICAL WORKS. Edited, with Introductions, 
&c., by Profespor Masson. 



Published every Thursday, price 6d, ; Monthly parts^ 
2S. and 2s. 6d,, Half- Yearly Volumes^ i$s. 

NATURE: 

AN ILLUSTRATED JOURNAL OF SCIENCE. 



Nature expounds in a popular and yet authentic 
manner, the Grand Results of Scientific Research, 
discussing the most recent scientific discoveries, and 
pointing out the bearing of Science upon civilisation 
and progress, and its claims to a more general recog- 
nition, as well as to a higher place in the educational 
system of the country. 

It contains original articles oh all subjects within the 
domain of Science ; Reviews setting. forth the nature and 
value of recent Scientific Works; Correspondence 
Columns, forming a medium of Scientific discussion and 
of intercommunication among the most distinguished 
men of Science ; Serial Columns, giving the gist of the 
most important papers appearing in Scientific Journals, 
both Home and Foreign) Transactions of the prin- 
cipal Scientific Societies and Academies of the World, 
Notes, &c. 

In Schools where Science is included in the regular 
course of studies, this paper will be most acceptable, as 
it tells what is doing in Science all over the world, is 
popular without lowering the standard of Science, and by 
it a vast amount of information is brought within a small 
compass, and students are directed to the best sources 
for what they need. The various questions connected 
with Science teaching in schools are also fully discussed, 
and the best methods of teaching are indicated. 
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